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Abstract. The concept of Z-numbers introduced by Zade in 2011 is discussed topically
nowadays due to it aptitude to deal with nonlinearities and uncertainties whose are common
in real life. It was a large step of representing fuzzy logic, however that numbers created
much larger problems of how to calculate them or aggregate multiple numbers of that type.
Z-numbers have a significant potential in the describing of the uncertainty of the human
knowledge because both the expert assessment and the Z-number consists of restraint and
reliability of the measured value. In this paper, a method of converting an expert opinion to
Z-number is proposed according to set of specific questions. In addition, the approach to Z-
numbers aggregation is introduced. Finally, submitted methods are demonstrated on a real
example. The topicality of the research is developing a new algorithm and software (based on
that development) which could help people make decision in a messy uncertainty with many
parameters and factors that are also defined imprecisely. In this work, we present the research
that is aimed to find the most efficient methods to operate them (aggregate, add, divide).
Firstly, it is important to identify all existing methods of aggregating Z-numbers. Secondly, it
is needed to invent new methods of how work with them. The most interesting techniques
should be detailed and summarized. There is also a program that is developed to model the
real-word task of decision-making.
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1. Introduction

Science and engineering tends to deal with different kinds of measures and
evaluations, but in fact not all assessment of information can be represented as a
clear number. It’s common practice for human beings to describe the information in
a linguistic terms which are more convenient in everyday life but unsuitable for a
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standard mathematical representation. In this case information seems to be
approximate because usually people assigns a different degree of the certainty
depending on circumstances and the context of the data.

In order to resolve problem of the uncertainty degree representation, Zadeh
proposed the concept of Z-numbers in 2011 [1]. According to this concept, Z-
number describes an uncertain variable V as an ordered pair of fuzzy numbers (A,
B), where the first number is a fuzzy set of the domain X of the variable V and the
second one is a fuzzy set that specifies the level of a reliability of the first number as
a unit interval.

Fuzzy logic methods are discussed topically last few decades due to its aptitude to
deal with nonlinearities and uncertainties whose are common in real life. Despite the
widespread application of many methods of fuzzy logic, it seems to be critical to
talk about decision appliance without relation to the confidence and the reliability of
analysed information especially in the field of fuzzy decision-making. For example,
the decision, which was accepted based on low- reliability data, tends to be useless
or even harmful on a practice usage. In this case, Z-numbers have a significant
potential in describing uncertainty of the human knowledge because both the expert
assessment and the Z-number consist

of restraint and reliability of the measured value. In this paper, the method of
converting an expert opinion to Z-number is proposed and the new aggregation
approach is introduced. At the end, suggested methods are demonstrated.

The paper is organized as follows. In section 2 required preliminaries are presented.
In section 3 problem statement is described in details. In section 4 a method of
converting expert assessment to Z-numbers is proposed. In addition, the approach to
Z-numbers aggregation is introduced. In section 5 proposed methods is
demonstrated on the real-life example. In the last section the key results of the
article is mentioned and further ways of research is suggested.

2. Preliminaries

2.1. Allinguistic variable

A linguistic variable is a variable whose values are linguistic expression such as
sentences, phrases or words in an artificial or natural language. Processing data
provided in linguistic variables requires the computing in terms of nonlinear
approaches and leads to results, which are also not precise as the original data.

In general, the usage of linguistic variables is motivated by the feature that they
provide more generalized information in contrast with numeric variables. For
example, Speed is a linguistic variable which can be set to ‘very slow’, ‘slow’,
‘middle’, ‘quite high’, ‘high’, ‘very high’, etc. In natural language this linguistic
variable may be represented as follows: 'The speed of the car is slow'. In this case,
the characteristic of object under observations given in generalized form i.e. without
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any specific numeric values, so expert has no need in specific measuring equipment
for object estimation.

2.2. Fuzzy sets

Let X be a space of points (objects), with a generic element of X denoted by x. Thus,
X = {x}. A fuzzy set [2] (class) A in X is characterized by a membership
(characteristic) function u(x) which associates with each point in X a real number in
the interval [0, 1], with the value of u(x) at x representing the ‘grade of membership’
of x in A. Thus, the nearer the value of u(x) to unity, the higher the grade of
membership of x in A. When A is set in the ordinary sense of term, its membership
function can take on only two values 0 and 1, with wx(x) reduces to the familiar
characteristic function of set A. [17, 18]

In the decision-making tasks [3] each expert gives his own opinion and then it is
needed to represent given information in a form that can be processed by a machine.
We can use fuzzy numbers for representing the information. Fuzzy numbers can be
defined as follows.

2.3. A fuzzy number

A fuzzy number [14, 15] is a convex and normalized fuzzy set with membership
function, which is defined in R and piecewise continuous. In other words, a fuzzy
number represents an interval of crisp numbers with fuzzy boundary.
Classical example of fuzzy number is triangular fuzzy number. It is represented by a
set of two boundary points al a3 and a peak point a2, i.e. [al, a2, a3], as shown in
Fig. 1.

Bay(x)4

0 a a, a, X

Fig. 1. A triangular fuzzy number
A concept of Z-numbers [8] was proposed in 2010, which was associated with a

factor of information reliability for decision-making tasks, a description of the
various aspects in the world, an expression of ideas or assessments.
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2.4. A Z-number

A Z-number [2] is an ordered pair of fuzzy numbers denoted as Z = (A, R). The first
component A, a restriction on the values, is a real-valued uncertain variable X. The
second component R is a measure of reliability for the first component.

2.5. A Z+-number

Z+ number [2] is a combination of fuzzy number, A, and a random number, R,
written as an ordered paid Z+=(A, R). A plays the same role as in a Z-number, R is
a probability distribution of random number.

3. Problem statement

Communications between people is often reduced to the expression of their
opinions, reviews or evaluations. Some examples of everyday expert assessments
are follows:

1. «What is the weather forecast for tomorrow? I really don't know, but I am
quite sure that it will be warmy. In this example, during the conversation
an expert provides an assumption of the prospective weather in linguistic
terms and mention a degree of confidence in it. Therefore, X = Weather
forecast for tomorrow, and Z=<warm, quite sure>.

2. «It takes me about 2 weeks to finish course work». Therefore, X = Time to
finish course work, and Z=<about 2 weeks, usually>.

Generally, the formalization of the statements in a natural language is a complex
and unobvious task [9, 10]. For example, the degree of confidence or reliability of
the expert estimation can be provided in two ways, namely in explicit or implicit
form [11]. The explicit form is represented in example (i) in linguistic term ‘quite
sure’ and the implicit form is contained in the context in example (ii).

Now, it is needed to formulate the problem in a general way. Consider, set of
objects () that needs to be assessed by experts or people who have specific
knowledge in the field that relates to Q. Also, there is set of criteria (), that should
be taken into account. In this paper it is not supposed to describe the methods for
assessments aggregation. That is why it does not need to involve set of experts in
problem statement formulation.

Each expert expresses his own opinion by filling the form with question that are
written in a developed form. Questions are formulated using conventional language,
such as “how can you assess the level of safety of the given system?” or “Are you
sure that the level is high?” or, probably, the most complicated: “How can you
assess the distribution of that parameter? Is it Gaussian?” Strict form will be
illustrated in the chapter V.

When expert filled his questionnaire with answers it is needed to represent given
information in a form that can be processed by machine. There could be several
levels of abstraction for representing the information (table 1).
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Table 1. Levels of abstraction [5]

Level Appearance (in Time New Roman or Times)
Numbers
3 Z-numbers or Z+-numbers
2 Fuzzy numbers ‘ Random numbers
1 Intervals
0 Crisp numbers (Integer or Float)

In this paper the highest level supposed to be considered — Z-numbers. Actually,
there will be even Z+-numbers in the chapter IV and V.

The main goal of all paper is to describe the recipe of how human-readable
information could be represented as Z- numbers. It should be also mentioned that
expert’s opinions per each criterion should be somehow accumulated (or
aggregated) in a common Z-number that will describe whole relation of a criterion
to the considered object.

4. The proposed method of converting an expert opinion to z-
number
First of all, it is needed to describe strict form that expert needs to fill in order to
provide knowledge. Form should contain N sections of m. Each section should
contains several questions that should describe relation of the criterion C € rh to the
object O € Q. Common questions are follows:

1. How does O meet C? Specify the level.

2. Do you have an experience with O? How wide was it?

3. Have you taken into account C when using O previously? (If have any

experience)
4. Do you follow the latest information about O? When was the latest update?
5. (Only if experts said ‘yes’ on second question) Which distribution, you
think, respects to people perception of C when talking about O?

First and fourth questions are related to the main part of Z- number, other questions
are somehow related to the measure of reliability for the first component. Let us
begin with the main part of Z-number. First question is direct. It is supposed that
expert assesses the level of affection C on O in the following terms: very high (8, 9,
10), high (7, 8, 9), medium (5, 6, 7), low (3, 4, 5), very low (1, 2, 3), does not meet
at all (0, 1, 2). However, it would be incorrect to assign fuzzy numbers to each
option before he answered fourth question. This question would show how precise
expert could be answering previous one. For example, if he says that he does not
follow information for a long time, it should be a clear sign that bounds of each
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triangle (or trapezoidal) fuzzy-numbers should be widened due to some
incompetency in the given field. According to that, there could be different fuzzy
numbers for medium: (4, 5, 6) or (2, 5, 8).

The formation of second part should be following. Possible answers for question
two are: wide experience, have experience, some experience, little experience, no
experience. All these statements could be represented as fuzzy number: (0.8, 0.9,
1.0), (0.65, 0.75, 0.85), (0.4, 0.5, 0.6), (0.1, 0.3, 0.4), (0, 0.1, 0.2). Answers for the
question three could be: yes, a lot (0.8, 0.9, 1.0); yes, sometimes (0.5, 0.6, 0.7); yes,
a little (0.2, 0.3, 0.4); no (0.0, 0.1, 0.2). Fifth question is auxiliary and will not be
converted into fuzzy number. It relates to Z+- numbers. Possible answers: Gaussian,
Inverse Gaussian, Binomial, Gamma. It is not prohibited for an expert to skip this
question. However, if expert answers the question the specific ‘confidentiality’
fuzzy number has a value of (0.6, 0.7, 0.8) — ‘high’, otherwise — (0.0, 0.1, 0.2) —
‘low’.

Then several rules should be formulated to construct possibility measure of Z-
number: IF  experience="wide’ AND take-in-account="a lot” AND
confidentiality="high’ THEN measure="very high’.

Table 2 is completed according to the given format.

Table 2. Rules for probability measure

" CONDITION RESULT
Exper. Take-in Conf. Measure
1 Wide A lot High Very high
2 Wide A lot Low High
3 Wide Sometimes High Very high
4 Wide Sometimes Low High
5 Wide A little High High
6 Wide A little Low Medium
7 Wide No High High
8 Wide No Low Medium
9 Have A lot High Very high
10 Have Alot Low High
11 Have Sometimes High High
12 Have Sometimes Low Medium
13 Have A little High High
14 Have A little Low Medium
15 Have No High Medium
16 Have No Low Low
17 Some Alot High High
18 Some A lot Low Medium
19 Some Sometimes High Medium
20 Some Sometimes Low Medium
21 Some A little High Medium
22 Some A little Low Low
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23 Some No High Medium
24 Some No Low Low
25 Little A lot High Medium
26 Little Alot Low Low
27 Little Sometimes High Medium
28 Little Sometimes Low Low
29 Little A little High Low
30 Little Alittle Low Low
31 Little No High Low
32 Little No Low Very low
33 No - - Very low

Then, after the result is given, it should be converted to fuzzy number:
e Veryhigh-(0.8,0.9, 1.0)
e High-(0.6,0.7,0.8)
e Medium- (0.4, 0.5, 0.6)
e Low-(0.20.30.4)
e Verylow-(0.0,0.1,0.2)
e The B-part is given.
The resulting Z-number should be constructed from both parts Z (A, B).
Then, it is time to aggregate different Z-numbers into one Z-number which can

describe whole relation of O to the subject according to C based on expert’s
opinion. There are, a least, three methods of aggregation:
1. Converting Z-number into simple fuzzy number and aggregate them using
simple methods [4, 12, 13].
2. Aggregating A and B-part separately [14, 18].

3. Converting Z-number into Z+-number, aggregating Z+-numbers and then
convert given Z+-number into Z-number [6, 7].

First approach is the simplest one, but lose some information from an expert. Third
approach is one where loss of information is minimized, but it is complicated and it
would be difficult to provide all calculations in this paper (requires some non-linear
optimization algorithms at some stages). That is why second approach is chosen.
At first stage, it is needed to aggregate A-parts [17, 18]:

w = (a,, by, c)
Here a,, = min(a;), b, = % * b, ¢, = max(c;), N- total number of Z-numbers.
@)
Aggregation of B-parts are more complicated. First of all, it is needed to multiply
one number on another.
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,a,a, <z < b,;b
2(by—ay)(b2-az) 172 172

—C1ba+Caby =2¢1C3)+y/(c1ba—C2b1)2 +4(b1—c1) (b2 =C2)Z
2(b1—c1)(b2=c2)
k 0, otherwise

—ayby+azhy=2a,a5)+y/(a1ba—0;b1)2 +4(by—c1) (ba—03)2Z
r (2=

,bib, £z < cicy @)

Second stage of aggregation assumes that square root calculations should be applied
to the given fuzzy number. Somehow, these transformations could be compared
with a calculation of geometric mean, when talking about crisp numbers.

£t Va<x<vh
Hs ) = i_b Wh<xzye®

0, otherwise
The resulting fuzzy number is aggregated B-part.

5. A numerical example

Consider following example. It is needed to decide whether it is important to have a
new developer in a company or not. To decide more accurately, management of
software company introduces a research. Several ‘experts’ are chosen from different
departments. Now, focus on a specialist of marketing. His assessment should be
transformed into Z-number for further calculations. It is not necessary for that time
to come to a complete conclusion, just focus on how expert’s evaluation lead to
obtaining Z-number.

5.1 Filling a form

There is a strict form with several questions and two criteria.
Questions for the 1¥ criterion — level of business in the department:

1. How do you think, does the department of software development are filled
with work? (very much, much, probably, not so much, no, not at all)

2. How often do you communicate with developers during business tasks?
Select from: very often, often, quite often, rarely, not communicate.

3. Did you notice anytime, that deadline was broken due to lack of
programmers? Do you pay attention on it? Select from: Notice very often,
sometimes notice, I’ve noticed once, Not at all.

4. Did you follow the news of our developers’ team? Do you know most of
them? Select from: Yes, communicating each day; Yes, communicating
several times a week; Yes, but communicating rarely; No, I’m not.

5.  Which distribution, you think, respects to people perception of lack of
human resources when talking about new coming developer? (Only if you
know)

Questions for the 2™ criterion — company’s resources:
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1. How do you think, does the company have enough resource to hire new
employee(s) in a software department? Select from: More than enough;
enough; quite enough; probably, not enough; not enough at all.

2. Have you ever been interested in our company’s revenue, stock prices etc.?
Select from: Yes, | follow all news; yes, sometimes; yes, but rarely;
probably, once; no.

3. Have you ever thought about how newcomers can change our budget or
resources distribution? How you thought about it when you came? Select
from: Yes, thought a lot; yes, sometimes; yes, when | came; No.

4. Do you follow latest news about our state, about our resources distribution
on different projects? Select from: Yes, always; yes, sometimes; yes, but
rarely; no, I’'m not.

5. Which statistics distribution, you think, respects to people perception of our
resources when talking about new employees? (Only if you know)

The marketing expert gives answers:

Criterion 1:
1. Not so much
2. Rarely

3. Sometimes notice
4. No, I’mnot
5. —
Criterion 2:
1. Quite enough
Yes, | follow all news
Yes, sometimes
Yes, sometimes

a0

5.2 Constructing Z-numbers

According to calculations in section 4 and table 2 it is possible to calculate two Z-
numbers from his answers.

Z-number from the 1% criterion: {(1, 4, 7), (0.2, 0.3, 0.4)}

Z-number from the 2™ criterion: {(5, 6, 7), (0.6, 0.7, 0.8)}

Second part of Z-numbers is given by applying corresponding rules from Table II.

5.3 Aggregating Z-numbers

A-part of Z-numbers is aggregated simply by applying formula (1) from section 4.
The resulting A-part: (1, 5, 7).
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B-part of Z-numbers is calculated using formula (2) and (3) from section 4. For
simplicity, all calculations would not be provided, only bounds for each of fuzzy
number at every step. After multiplication following fuzzy number is obtained:

B,, = (0.12,0.21,0.32)
Then, after applying square root transformation:

B, =~ (0.35,0.46,0.57)

B, — resulting B — part of Z — number
It should be noticed, that bounds are not lines in this case, they are quadratic
functions.
That is why, the resulting Z-number looks as follows:
Z, = {(1,5,7),(0.35,0.46,0.57)}

This Z-number expresses overall relation to the problem of marketing expert. It
could be translated to the normal language such as: “he doubts that software
department needs new employee and probably, they do not need, but he is not sure
enough”

6. Conclusion
Consider following example. It is needed to decide whether it is important to have a

As a result of this research, a method of converting an expert opinion to Z-number
was proposed. The key problems of Z-number extraction from natural language
statements were discussed and an example illustrating the supposed algorithm were
provided. In addition, the new method of Z-numbers aggregation was proposed and
demonstrated on the real example.

The further research will be aimed on improving methods of aggregation in order to
obtain a more accurate and reasonable result at the output. The high-quality
processing of experts assessments allows the use of this approach in the real world
in order to solve complex problems not only in the business sector, but also in the
everyday life. The next step is developing an approach to perform arithmetic
operations with observed Z-numbers. Only after successful finishing of these steps,
a complete system for Z-numbers processing could be built.
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AHHoTanusi. HeueTkue uncia ucmonb3yroTcss B 3aJadax MOJIENUPOBAHMS JUI ydeTa
JMHTBUCTHYECKON HEOMpeAeIeHHOCTH. bBompinHcTBO nH(popMarmu, obpadaTbiBaeMoll B
pa3snu4HbIX cepax AeaTeIbHOCTH, OCHOBAHO Ha OIEHKaX, KOTOpBIE HE BCET/A MOTYT OBITH
BBIPa)XEHBI TOYHBIM YHCIOM. Kak MpaBmiio, HCHONB3YIOTCS MPUBBIYHBIE JUIS YEI0BEKa CIIOBa
WM BBIP2KEHHS €CTECTBEHHOTO sI3bIKa. Hame)XKHOCTh M JOCTOBEPHOCTh TaHHBIX, KOTOPBIE MBI
HOJTy4YaeM AU PeIeHUs TeX WM MHBIX 3a[ad UrpaeT BaXHYIO poib. MEI yacto paboraeM ¢
HENoOJTHOW WHQopMareil, OCHOBAaHHOW Ha OIBITE W OIEHKAaX pPAa3JIM4YHBIX AKCIEPTOB.
ITosToMy BO3MOXHOCTH ()OpPMANHM3aIMU JAHHBIX TAKOTO THUMA ¥ BBINONHEHUS C HUMHU
Pa3sNUYHBIX BBIYMCICHHH IOMOraer OoJee TOYHO pemaTh 3aJadd 10 INIAHHPOBAHUIO,
MIPUHATHIO PEIICHHUH, OLEHKE PUCKOB U APYTHX ACIEKTOB MPAKTHUECKOH JesTeIbHOCTH. B
2010 roxy mpodeccop Jlordu 3ame mpemnokuin KOHLUEIIUIO Z-4HCel, KOTOpas CBs3aHa C
(akTOpoM HAIEKHOCTH HCHONB3yeMOH wHHpopMamuu (NpH NPUHATHH pPELIeHHH, Ipu
OIUCAaHMU PA3JIMYHBIX aCHEKTOB OKPY)KAIOIIET0 MHUPA, IIPH BBIPAKCHUH UJICH WM CY)KACHHUI
JFOJbMH). Z-YUCJIO ONMCHIBACT 3HAYCHHE HEKOTOPOil HeolpenenéHHON mepeMeHHOH X |
npescTaBisieT co0oil YIOpsSI0UeHHYIO Mapy U3 IBYX HeueTkux uncen Z= (A, B). IlepBoe u3
KOTOPBIX (4) BBIp@XaeT OTpaHWYEHHE HAa BO3MOXHBIC (BEpOSTHBIC) 3HAYCHUS
paccMarpuBaeMoii B KOHKPETHOM NPHIIOKEHHHU TiepeMeHHo# X. Bropoe uuncio (B) ects Mepa
(olIeHKa) YBEpEHHOCTH B TOM, YTO A MMEHHO TaKOBa, Kak OHa mpexacTasiieHa. Uncna 4 u B
4acTO OMHUCHIBAIOTCS (h)pa3aMu €CTECTBEHHOTO si3bIKa, Hampumep, Z = (Java, MakCHMaibHO
yBepeH). B nanHom ciydae mepemeHHas X = «I3BIK NPOTPAaMMHPOBAHUS JUIS PEIICHHS
OTIpE/ICNICHHOH 3a/lauiy», CIIEI0BAaTEIbHO, YTBEepKAeHNE «X sIBIsSeTCs Javay OLleHMBaeTCsl KakK
HaJeKHOE (B = “MakcHMMabHO yBepeH’). JlaHHAs KOHIICTIMS UMEET OOJBINONW MOTCHIHAT
CTaTh BAXHBIM HHCTPYMEHTOM B pEIICHHWHM pa3IMuyHOrO poJa 3axad, CBS3aHHBIX C
HETIOJTHOTOX M HETOYHOCTHIO OIMCAHWS HCIONIB3yeMOH MH(popManuu. BTOpsIM OCHOBHBIM
aCIIeKTOM JaHHON paboTHI ABIIETCS arperanys HHGOpMaINY, a IMEHHO Z-4Hcell. Arperamnus
(anrn. aggregation) — OCHOBHOI 3Tam A pelIeHHs 3a[ad MO0 NMPUHATHIO pemeHud. Kak
MPaBHJIO, YTOOBI TNPUITH K OIpPEAENICHHOMY BBIBOIY, HEOOXOAMMO NpOAaHAIN3NPOBATh
HECKOJIbKO MCTOYHHKOB M OOBEIUHHUTH MONydYeHHYI0 HH(popManuio. B Hacrosmee Bpems
GOJIBIIMHCTBO 3a/iay MO MPHHATHIO PEUICHUH MMEIOT MHOXKECTBO (haKTOPOB, OINPEISICHHbBIX
HEYETKO U IMODTOMY PpEeHIAOTCd HWHTYUTUBHO. Arperaum[ JaHHBIX, NPEACTABJICHHBIX B
HCYETKOM BH/JIC, a HUMCHHO Z-‘[I/ICJ'laMI/I, MOJXKET OKa3aTh NOAJACPIKKY B PCUICHUHU 3a/1a4 TaKOIro
pona. Jlanuas paboTa mpeacTaBiasieT COOOM HCCIeMOBaHUE, CBSI3aHHOE C pa3pabOTKOW
n3ydeHreM 3G (HEeKTHBHBIX METOJJOB 00PaOOTKN Z-4nCeI ¥ BBIIOJHEHHS ONepaliii HaJl HAMH.

KiroueBble cioBa: Z-‘II/ICJ'IO, HEYETKasg MEpa, arperanuvs, MHCHHUSA DKCIEPTOB, HEUYCTKOE
HUCIIO.
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