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Abstract. Currently, cluster systems are widely used, the nodes of which use processors with a large number
of cores. Effective software implementation on such computing systems requires that the corresponding
mathematical models have a significant parallelism resource. For the problems of modeling of hybrid dynamical
systems (HDS) a significant resource of parallelism is typical, since in this class of mathematical models the
(theoretically infinite-dimensional) phase space of control objects with space-distributed parameters is isolated.
The purpose of this work is to study the effectiveness of the software implementation on parallel computing
systems of the class of modeling problems of the influence of typical nonlinearities and nonstationarity on the
output vector function of the HDS. As an example, a nonlinear stabilization system for a mobile control object
(the rocket taking into account the elastic deformations of its body) is considered.
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AuHoTanumsi. B Hacrosimee Bpems MIMPOKOE PAacHpOCTPAHEHHE IOJIYYalOT KIACTEPHBIE CHCTEMBI, B y3Jax
KOTOPBIX UCTIOJNB3YIOTCS TPOLECCOPHI ¢ OOJIBIINM YUCIOM siiep. Db PeKkTHBHAsS IPOrpaMMHasi pean3alis Ha
MOJOOHBIX BBIYUCIHTEIBHBIX CHCTEMax TpeOyeT, 4TOObI COOTBETCTBYIOIIHE MATEMATHYECKHE MOJIEIH
oOnafany 3HAYMUTEIBHBIM PECYpcoM mapatenusma. Jlas 3amad  MOJCIMPOBAHHS KOMOMHHPOBAHHBIX
nuHamuaeckux cucreM (KJC) tHnmueH 3HaUHTENbHBIT pecype mapauienn3Ma, IOCKOIbKY B JJaHHOM Kilacce
MaTeMaTUYECKUX MojieNel (TeopeTHYECKH OECKOHEYHOMEPHOE) (ha30BOE MPOCTPAHCTBO OOBEKTOB yIPABICHHS
C pacnpe/e/eHHbIMU [0 HPOCTPAHCTBY MAapaMeTpaMU SIBISAETCS M30IMPOBaHHBIM. Llenbio paboThl sBiIseTCS
uccneoBanue 3PPEKTHBHOCTH MPOrPAMMHON Peaiu3alii Ha MapajuieIbHBIX BBIYHCIMTEIBHBIX CHCTEMax
KJ1acca 3a1a4 MOJICIMPOBAHUS BIMSHHUS THIIOBBIX HEJIMHEHHOCTEH 1 HECTALIMOHAPHOCTH Ha BBIXO/(HBIC BEKTOP-
¢ynxuun KJIC. B kauecTBe mpuMepa pacCMOTPEHA HENMHEIHast cUcTeMa CTaOMIIM3aluK TOABMKHOTO 00BEKTa
yIpaBieHus (pakeTsl ¢ y4eToM yIpyrux aedopmaruii ee kopiyca).

KiioueBble c10Ba: KOMOWHHPOBAHHBIC JUHAMHYECKHE CHCTEMBI; IIPOLECCOPHI C MAacIITabHpyeMBIMU
ApXHUTEKTypaMU

Jlnst uutupoBanus: Mensanuyk JI.B. MonenupoBanue cucTeMsl yIrioBoi CTaOMIN3aLMK HA IPOLECCOPax C
MacmrabupyembiMu apxurekrypamu. Tpymasr UCIT PAH, Tom 31, Bem. 3, 2019 r., crp. 229-240 (ma
aHrmiickoM s3bike). DOL: 10.15514/ISPRAS-2019-31(3)-18
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1. Introduction

Currently, cluster systems are widely used, in the nodes of which one or several processors with a
large number of cores are used. Examples include computing systems with new Intel Xeon
processors with scalable architecture or computing systems with Intel Xeon Phi coprocessors that
are used as virtual cluster nodes. Parallel computational architectures of this class are effective only
when solving problems with a significant parallelism resource. In this case, classes of mathematical
models that are effectively implemented on Intel Xeon Phi, will be effectively implemented on
modern scalable Intel Xeon architectures.

Hybrid dynamical systems (HDS) [1, 2] are mathematical models of a number of technical systems
containing control objects with lumped parameters and connected to them across the boundaries of
control objects with distributed parameters (see fig. 1). HDS is characterized by input and output
vector functions. The nonlinear system of angular stabilization of the movable control object with
deformable body is the example [3, 4]. HDS are systems of ordinary differential equations (ODE)
and partial differential equations (PDE) connected by means of boundary conditions (BC) and
constraint's conditions (CC) under appropriate initial conditions (IC). For the problems of HDS
modeling a significant resource of parallelism is typical, since the (theoretically infinite-
dimensional) phase space of control objects with distributed parameters is isolated.
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Fig. 1. HDS Structural scheme

2. Related work

MPI technology is standard for cluster systems with distributed memory, and both optimization of
MPI itself [5] and parallel libraries [6] and algorithms based on it are relevant. Examples are
problems of mathematical physics [7, 8], graph theory [9], sparse matrix factorization [10].
Optimization of parallel algorithms for cluster systems with many-core processors was considered
in [11, 12]. If adaptive algorithms of numerical modeling are used or nodes of the cluster have
different capacities, dynamic balancing of computational load is required [13]. For dynamic
balancing of computational load on cluster systems, the MPI-MAP parallelization pattern was
previously implemented [3]. The main theorems on the stability of linearized HDS are formulated
and proved in [1, 2]. In work [4] adaptive algorithms of HDS parametric synthesis are offered.
Modeling of systems of angular stabilization of movable control objects with deformable body was
considered in [14, 3, 4].

3. Problem formulation

The purpose of this work is to study the effectiveness of the software implementation on parallel
computing systems of the class of modeling problems of the influence of typical nonlinearities and
nonstationarity on the output vector function of the HDS. We consider a similar [4] system of angular
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stabilization of the movable control object (the rocket taking into account the deformations of its
body), but providing stabilization both with respect to the vertical direction and with respect to the
longitudinal axis, as well as a smooth change in the time of the thrust force of the rocket engine.

4. Parallel algorithms for modeling of hybrid dynamical systems
HDS with piecewise continuous input vector function x(t), x:R = RVx and continuous output
vector function y(t), y: R - RV correspond to equations

y = f(X, V4 hr P K l'-:f); u= F(ll, XYy Yl K utt)r req

G(u,y,p)|s =0,S=00;h = fSH(u, wds )

y(0) = yo,u(r, 0) = uy(r)
Here r € R —are independent spatial coordinates of individual points of the object with distributed
parameters, Q € RV — area occupied by an object with distributed parameters, f: RVx x RMy x
RV x RMp x R¥e x RVt —» RMy h:R - RV%, u(r,t), u: RV x R - R« — distributed output vector
function, operators F: (R¥ x R —» RM+) x (R - RM*) x (R - RM) x (R = R¥») x R¥# x RMt -
(R x R - RM»), G:(R¥ x R = RM) x (R - R¥») x RV« — (R¥ x R - RM9), H: (R xR -
RMu) x RVe — (R — RNh) correspond to partial differential equations, boundary conditions, and
coupling conditions; p € R¥p — feedback parameters; p € R¥# — the parameters of model
nonlinearities; p, € RVt — parameters characterizing the unsteadiness of the system from the point
of view of the automatic control theory; the point at the top indicates the time t differentiation. When
n = p, = 0 HDS (1) becomes linear stationary. After parametric synthesis, numerical simulation of
the effect of typical nonlinearities and unsteadiness on the output vector function of a nonlinear HDS
(1) is performed. In this case, the input vector function x(t) and the initial conditions y,, u,(r) are
fixed, and the components of the vectors p and p, change with a fixed step within a parallelepiped.
The element-by-element transformation of sequence (p.j,utj), j=123,... into a sequence of

values characterizing the maximum and standard deviations of function y(t; u;, p.t].) from y(¢; 0,0)
is parallelized
(l‘lj' p'tj) - (V1j, UZj)le = 112'3r <oV = max IY(t; 1 ut) - Y(t; 010)'

0st<tma
i (tmax , 12 2)

vy = [tk [y 1y ) = Y (& 00)2de]| b >> 1

The transformation (2) can be adapted to the "two-layer" MPI-OpenMP scheme, where a separate

MPI-MAP executing process performs the transformation of

(e, = Tm) > {(vy,, v ) = L) 3
by parallelizing calculation of the values on the right side (3) based on OpenMP.
Numerical integration of the initial boundary value problem (1) is implemented by the Galerkin’s

projection method [4] and subsequent application of the BDF method to the resulting Cauchy
problem for the system of ordinary differential equations.

5. Model of stabilization system

The object moves with respect to a fixed coordinate system Oyx,V,z, (see fig. 2) under the action
of force P, attraction to the Earth and external disturbing horizontal force F, = (0, F;yo, FeZO)T.
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Fig. 2. Structural scheme

The coordinate system Oxyz is connected to the body 1, and r; = (x1,v,2,)" and B,
(B11, P12, B13)" characterize its linear and angular displacements relative to OyxoYoZo. Linear r,
(%2,¥2,22)" and angular B, = (Bs,1, Ba2 Bas3)" displacement of body 2 with respect to Oxyz is
caused by the elastic displacement u = (u, iy, u,)" = u(x,t) of the centerline of the hull. The
rotation angle & = (ay, @, a3)" of the body 2 relative to 0yxyoZ, measures the gyrostabilizer, and

the control moments of the forces Mj(c), j =1,2,3 are formed. Under the action of MZ(C) and M_,fc)

body 0 rotates at angles B = (0, Bo,2, Bo3)” relative to Oxyz. The moment Ml(c) acts on the body 1
and compensates for the rotation of the movable object relative to the longitudinal axis. Let wy =
(W0, o, Wo, )7, Q= (0, Q, )7, Q, = Q. Qz,, 95, )T be the relative and absolute
angular velocities of bodies 0, 1, 2; Q = (Qy, @2, Q3)T, M = (M;, M,, M;)T be the internal forces
and moments acting in the cross sections of the body. Here x(t) = (Fey() (®), F,, )T and y(t) =
(B3 (8), B2z (8), Brz(t), B2z (1), Br1(t), Bo1(t))T are input and output vector functions, p =
(P1,P2>---,P12)7 are feedback parameters. The model equations of the nonlinear stabilization
system are given in Appendix A. The set of parameters p = (uy, Uy, 43)" characterizes typical
nonlinearities, and the parameter p, = {u,}, u, = 0 characterizes a smooth change in the
characteristic overload according to the law

a(t) = a’((min) + (a’((max) _ a}({min))e—mt, t>0, a}(cmin) <a, < a’((max) 4
At p = 0, the model equations are linearized and decomposed into three independent subsets

corresponding to the motion in the 0yx,y, and Oyx,z, planes (by virtue of symmetry, they pass into
each other), as well as to the rotation relative to the longitudinal axis. In this case, ps.; = pj, j =

1,5, correspond to the stabilization system in the vertical direction, and p;4, p;, correspond to the
stabilization system with respect to the longitudinal axis.
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6. Numerical simulation results
In the numerical simulation of the output vector functions of the nonlinear angular stabilization
system, the components of the input vector function were given as F;yo ® =11, F,,(t) = 1(t) —

1(t — 1), where 1(t) is the unit jump function of Heaviside. For stabilization system with a set of
parameters

Jo =0.02,m; = 0.3, ], = 0.07,m, = 0.2, ], = 0.05, a = 0.166667, al™™ = 0.2, a™ = 2,

y =0.01, J;, = 0.1, ], = 0.05, J,, = 2, u; = 0.08, u, = 0.15, 3 = 0.055, u, = 0.05 )

The feedback parameters of the stabilization system in the direction of vertical p; = pgs = 6.347,
P, =p; =13.12,p3 = pg = 17.59, p, = py = 14.03, ps = p1o = 5.951 were chosen on the basis
of an adaptive algorithm of parametric synthesis of the family of linearized models of HDS [4].
Since the stabilization of the object with respect to the longitudinal axis is intended to compensate
for the slow accumulation of errors due to nonlinear effects, the feedback parameters p,; = 0.04,
p12 = 1 are selected in the central part of the stability region.

Fig. 3 presents the results of numerical simulation of the components f; , and f5; ;3 of the output
vector functions of the original nonlinear unsteady HDS (shown as a solid line) and its linear
stationary analog at u; = u, = pz = 4 = 0 (shown as a dashed line). The significant difference of
the results is explained by the fact that the dimensionless overload a, decreases smoothly, with the
decrease of a, in the considered range of overload changes in the linear stationary system, the
attenuation of transients decreases, and the characteristic value of the output vector function
increases. Nevertheless, parametric synthesis by the linearized model allows to stabilize the original
nonlinear system in the vertical direction in the entire range of overloads. As follows from the results
presented in Fig. 4, the selected values of the feedback parameters p;, and p;, allow to stabilize the
movable control object with respect to the longitudinal axis, i.e. to compensate for the slow
accumulation of errors due to nonlinear effects.
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Fig. 3. Stabilization in the vertical direction
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Fig. 4. Stabilization with respect to the longitudinal axis
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Fig. 5 shows the dependences of the parameters u; € [0,0.055] and u, € [0,0.05] at fixed u; and
U, maximum v; and standard v, deviations (see eq. (2)) of the output vector function of the
nonlinear HDS on the output vector function of the linearized HDS for t,;,,x = 250. As follows from
the data presented in Fig. 5, when changing the overload according to (9) the greatest influence on
the output vector function of the nonlinear HDS has parameter yu,, characterizing the unsteadiness
of the system.
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Fig. 5. Maximum and standard deviations

Similar data characterizing the efficiency of stabilization with respect to the vertical, longitudinal
axis, as well as the influence of the parameters of nonlinearity and unsteadiness on the output
functions of the stabilization system with parameters

Jo = 0.00003, m; = 0.0667,J; = 0.00009728, m, = 0.333,], = 0.00345,a = 0.166667, a, =
1,y =0.01, p; = pg = 4.098,p, = p; =9.553, p3 = pg = 7.687,p, = pg = 7.714, p5s = p1p =
3.269, J;, = 0.002, J,, = 0.005,J, = 2, 4y = 0.08, u, = 0.2, u3 = 0.04, u, = 0.05, p,;; = 0.05,
pir =1 ©)

are shown in fig. 6-8. Similarly to the previously discussed non-linear stabilization system allows to
compensate for the unwanted errors throughout the range of overload (see fig. 5, 6). The greatest
influence on the output vector function of the nonlinear HDS has the parameter p,, which
characterizes the unsteadiness of the system (see fig. 8).
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Table 1. Modeling of the impact of model nonlinearities and non-stationary, sec.

Grid6 X9 Xx9X%x9
Processor, serial/parallel Test1 | Test2 | Test3 | Test4 | Test5
Intel Xeon E5-2603 v2, serial 16411 | 16325 | 16470 | 16531 | 16314
2 processors Intel Xeon E5-2603 v2, OpenMP. 2480 | 2471 2501 2492 | 2485
Coprocessor Intel Xeon Phi 5110P, OpenMP 1667 1635 1673 1649 1655
2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/OpenMP 1023 1015 1032 1008 1040

As follows from the Table 1 results, in this case, the use of a single Intel Xeon Phi coprocessor is
more efficient than the use of two quad-core CPUs. The most profitable strategy of using
coprocessors is parallelization based on OpenMP inside the coprocessor and parallelization based
on MPI-MAP between coprocessors. Similar data for the stabilization system with parameters for
the stabilization system with a set of parameters (6) are presented in Table 2. And in this case, using
one Intel Xeon Phi processor is more efficient than using two quad-core CPUs. The most profitable
strategy for the use of coprocessors is the parallelization based on OpenMP within the coprocessor
and parallelization based on MPI-MAP between the coprocessors.

Table 2. Modeling of the impact of model nonlinearities and non-stationary, sec.

Grid6 x9x9x9
Processor, serial/parallel. Test1 | Test2 | Test3 | Test4 | Test5
Intel Xeon E5-2603 v2, serial. 9637 | 9597 | 9645 9657 9675
2 processors Intel Xeon E5-2603 v2, OpenMP 1443 1470 | 1430 1412 1467
Coprocessor Intel Xeon Phi 5110P, OpenMP 1052 1042 | 1063 1037 1055
2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/OpenMP 703 699 710 707 705

Analogical evidence of the effectiveness of the implementation of the parallel algorithm (2), (3)
using a single Intel Xeon Phi coprocessor (OpenMP) and two Intel Xeon Phi coprocessors (MPI-
MAP — OpenMP) for a more detailed meshes, changing parameters uy, i, s U, are given in Table
3 for stabilization system with parameters (5) and in Table 4 for the stabilization system with
parameters (6).

Table 3 - Modeling of the impact of model nonlinearities and non-stationary, sec.

Processor, serial/parallel. | Test1 |Test2]| Test3 | Test4 | Test5
Grid 6 x 16 x 16 X 16
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Fig. 8. Maximum and standard deviations

7. Efficiency analysis of parallel algorithms

Consider the effectiveness of the implementation on computer systems with coprocessors Intel Xeon
Phi parallel algorithm (2), (3) modeling the effect of typical nonlinearities and unsteadiness on the
output functions of the HDS. The data corresponding to the modeling of a nonlinear stabilization
system with parameters (5) are presented in Table 1. The calculations were performed on a cluster
of faculty of Computer Science and Informational Technologies and Volga Region Center of New
Information Technologies of SSU. The four-dimensional grid of change of parameters py, Uy, 1z Uy
dimension 6 X 9 X 9 X 9 was used.
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Coprocessor Intel Xeon Phi 5110P, OpenMP 8953 | 9005 | 8934 | 8902 | 8985
2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/ OpenMP 4726 | 4753 | 4715 | 4703 | 4744
Grid 12 X 16 X 16 X 16
Coprocessor Intel Xeon Phi 5110P, OpenMP 18132 | 18243 | 18025 | 18187 | 18053
2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/ OpenMP 9478 | 9529 | 9435 | 9501 | 9439
Table 4 - Modeling of the impact of model nonlinearities and non-stationary, sec.
Processor, technology of parallelization ‘ Test 1 ‘ Test 2 ‘ Test 3 ‘ Test 4 ‘ Test 5

Grid 6 X 16 X 16 X 16

Coprocessor Intel Xeon Phi 5110P, OpenMP 5671 | 5634 | 5654 | 5754 | 5698

2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/ OpenMP 2988 | 2969 | 2967 | 3031 | 3002
Grid 12 X 16 X 16 X 16

ICoprocessor Intel Xeon Phi 5110P, OpenMP 11205 | 11278 | 11154 | 1117411237

2 coprocessors Intel Xeon Phi 5110P, MPI-MAP/ OpenMP 5777 | 5809 | 5735 | 5741 | 5798

As follows from the Table 3 and 4 results, with an increase in the average number of nodes on the
grid measurement, the multiplicative contribution to the acceleration of the MPI-MAP pattern

quickly tends to the number of coprocessors used.
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8. Conclusions

The proposed parallel algorithm is effective on cluster systems with nodes using processors with a
large number of cores. In particular, it is effective on cluster systems with Intel Xeon Phi
COProcessors.
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Appendix A.

The rotation of the coordinate system is characterized by angles o = (@, a,, a3)T(in order
as, Ay, al)a and

cosaz; —sinas cosa, smaz 1 0 0
A(a)=[sina3 cosaz H H cosa —sinal]
0 —smaz cosa, sina; cosay
—sina,
B(a) = cosay cosazsinal]
0 —sina; cosa,cosay

In dimensionless variables and parameters the equations of motion of the HDS have the form
Q= B(M1ﬁ1)31r92 = AT(H1B2)Q1 + B(Ihﬁz)Bz' Wo, = _BO,ZSin(MlﬂOS)

Wo,, = Bo,2c0s (U1 B0,3), Wo, = Bosmuty = A(u:8,)Q(0,t) — F, +

+a,[(1 + mz)A(p1B1) P (0, Bo) + My P(B1, Bo)]

(o, B) = p (A A B) — E)(1,0,0)" =

= (q)l ((X, B)r CDZ ((1, ﬁ)r d)3 ((1, ﬁ))Tr E= diag{l,l,l},](l) = diag{]lkrjlljl}

Jo( Q@ + @¢) + D + 1,2 X (Jowo +/PQ;) = M(0, 1) — (Mc(l)r 0,0)"

Jo [Q1y + o, + #1 (0,00, — Q1xw02)] =

= M cos(t1o3) + M sin(p; Bo,3) sin(p1 o, 2)

Jo [le + wo, + 1y (Q1xwoy - Q13,000,5)] = szc) cos(1o2)

2 = —ui*arcsin(u, @3(B,, B1)) . f1(2) = tgz ™
1 P2 (B2, By) 1 P35 (B2 B1)
a; = —arcsin————,a; = ——arcsin—————=
H cos(uaz) a1 cos(p1az)

myWy = a,ym; [¢(0rﬂ1(0,52,2rﬂ2,3)T) — @70, w1 B1)] — A(us (O, ﬁz,z'ﬁzs)T)Q(lr t)
w, = AT (i BTy + Q4 X Ry + 11(Q; - R)Q — 1, Q3 R, — 21, Q, X, + 1y
J®Q, + 1,9, x JPQ, = AT ((u1B2,1,0,0)HM(L, t) +

+(a,0,0)" x AT ((112,1,0,0))Q(1, t),]® = diag{J,x. /2, )2}

R, = (1+a,00)" + 1, @ (o, B) = pi (AT () AT (11 B) — E)(1,0,0)" =

= (@i (e, B), D3 (et B), P3(r, B))”

wy = Nfl[(l - M% (ulfz + urg))uz —1],Ly = #1u’y' L3y = mu',

Ly =(1- L221 - L231)1/2‘L33 =(1- L231)1/2,L12 = —Ly1/L3s, Loy = Ly1 /L33

Lyy = 0,113 = —L31Lyy, Loz = LaiLip, kg = Wy (L1zL'a — LpaL'13)

Ky = U'zLypL 1 — u”yL23 —u" L33, K3 = _uz_%n + u”yLZZ

i, + (AT(Mlﬁl)i:l) : (0,1,0)T - (#1Q1xuz - le(x + uuy)) +

g [(x + #1ux)91x + #1uz-Q1z]Qly -1 (Q%x + Q%Z)uy + 2 (leaz

—Q4,1,) = Lp1(Q'y + 11 (162Q3 — K3Q2)) + Lp2(Q'2 — 111 (16, Q3 — 13Q41)) +

+L3(Q"3 + py (1Q2 — 1201)) — ax[®5(0,B1) + (M, +1 — x)u,y)l]

i, + (AT (BT - (0,017 + uy Oy — Oy (x + pyuy) + ®)
i [+ ) Qa, + muyQ 10, — 1 (QF, + QF D, — 20 (Qq, 11, —

=0y, 1) = L3y (Q'y + w1 (02Q3 — 13Q2)) + L33(Q's + 111 (11 Q2 — 12Q1)) —
—a,[®3(0,80) + ((m, +1—x)u’,) |
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”1 N ACERE RS w{—a,(m; +1— x) (3 +K5) + K30, — k' ,Q5 +
+2K3Q", — 2K,Q"; — pyxq (12 Q2 + K30Q3) — (W) + (d'y)z + W)+
+(Q, Loy + Q Loy + 0y, Lay)? — (QF, + QF +0) +
+2[L11(Qly7i,z —Qu'y) = Ly Q' — Qq, 1) + Ly (Qu'y, — Q1y1i'x)]}

u,(0,8) = 0,1/, (0,t) = 0,uy,(1,8) =y, — a®,(0,B,),u',(1,t) = cos(u,fa2) -

- pysin(u1Ba,3), Uz (0,8) = 0,u',(0,8) = 0,u,(1,t) = z, — a®3(0, B,),

u,(1,t) = —prtsin( Ba2), x2 = ux(1,t) + a®4(0, B),

Q',(0,t) + iy (Kz (0,£)Q5(0,t) — x3(0,)Q, (0, t)) = €)]
=1y - A(4,8,)(1,0,0)" + a,®7(0, B;)

Q1(L, ) + p1 (2 (L, )Q5 (1, 1) — 13(1,8)Q2(1, 1)) =

= a,P1(B2, B1) + N1a(Q%n + Q%() +(1,0,0)7 - AT (41 B2)W,

M, =1, (ﬁ2,1 + VB — fol K1dx)er =K, —yu', My = k3 + }’u.”y

Q2 = —M'3 + py (ko My — K1 M3), Q3 = M’y + py (k3 My — K M3)

B.(0) = BI(O) =B,(0) = BZ(O) = Po2(0) = Bo,z(o) = Po3(0) = 50,3(0) =
=11(0) = 1,(0) = y2(0) = y2(0) = z,(0) = £,(0) = an

=1uy(x,0) =1, (x,0) = u,(x,0) =1,(x,0) =0

Here (7) are ordinary differential equations, (8) are partial differential equations, (9) are boundary
conditions, (10) are constraint’s conditions, (11) are initial conditions, ()’ = 8()/dx.

(10)
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