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AHHoTanus. B pabore npeayiokeH aJropuTM peIeHUs 3ajaud MEJIKOW BOJbI, PEalN30BaHHbIA Ha OCHOBE
LEHTPAIbHO-Pa3HOCTHON II0 HPOCTPAHCTBY U SIBHOH OJHOIIATOBOM IO BPEMEHH CXEMBI, yCTOHYHBOCTH
xoropoif nocturaercst MerogoMm FCT. IlokazaHo, 4TO HpHM pelNICHHMH 3afadyd O paclaie pa3pbiBa
IHIMHAPAYECKOTO CTON0Aa XKUIKOCTH B MENKOM OacceifHe, MPEIoKEHHBIH METO SIBIAETCS yCTOHUYMBBIM,
CPaBHUM 110 TOYHOCTH ¢ MeToJIoM Mak—Kopmaka npeBocxozs ero 1o npou3BOAUTEIbHOCTH.
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Abstract. The paper proposes an algorithm based on central differences and FCT correction for solving the
shallow water problem. The results of numerical testing were compared with known data. The comparison
showed that the proposed algorithm has similar accuracy with other methods. A comparison of the speed of the
proposed algorithm and a similar one based on the McCormack method is given. The conclusion is made about
the superiority in speed over the McCormack method with the same accuracy.
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1. BeedeHue

Benenue XO034HCTBEHHOH [EATEIbHOCTH Ha IOMMEHHBIX TEPPUTOPUSAX 4YAaCTO BIMAET Ha
THJPOJANHAMUYECKHE XapaKTEPHUCTHKH peku. [103ToMy BepHBIE U TOUHBIE KOJIMYECTBEHHbIE OLIEHKU
BJIMSHUSA XO34HCTBEHHOM [eATENbHOCTH B pyClIaX U HOMMax peK BaKHBI 711 HAy4YHOT0 0O0CHOBaHUS
IpeilaraeMblX IPOEKTHBIX pelleHuid. MaTemaTuueckoe MOJEIMPOBAHHE THIPABIMKUA PEUHBIX
IPOLIECCOB YaCTO MPOUCXOAUT B paMKaX T€OpUM MeJIKoH Boabl. B maHHOi pabGoTe ucnonssyercs
IUIaHOBAsl IOCTaHOBKA 3a/1a4U MEJIKOI BOJBIL.
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W3-3a rUmepOoIMIecKUX CBOMCTB YpaBHEHHI MEJIKOI BOABI OOJBIION HHTEpEC BBI3BIBAIOT METO/EL,
crocoOHbIe aBaTh MOHOTOHHOE M KOHCEPBaTMBHOE pEIICHWE 3amaud PumaHa mpu pacmane
THAPABINYECKOTO pa3pbiBa. 3a IOCIEIHHE CTO JIET OBUIO NPEIJIOKEHO MHOXECTBO CIIOCO00B
YHCJICHHOTO peUIeHHs 3a/1aur PuMaHa ¢ mopsiikoM TOYHOCTH BhIlIe TiepBoro. Hanpumep, Takue kak
cxemsl Jlakca [1] u Jlakca—Benpodda [2], Mak-Kopmaxa [3], BBeneHHE HCKYCCTBEHHOM BSI3KOCTH
[4, 5].

B pa6ore I'omyHoBa [6] ObIIO MOKa3aHO, YTO HEBO3MOYKHO TTOJIYYHTh JIMHEHHBIH METO PELICHHS C
MOPSAKOM TOYHOCTH BHIIIE IepBoro. JlanpHeHIme necineJoBaHus MO B HAIPABICHUH CO3/IaHUS
HEJIMHEHHBIX METOIOB pemeHus. beum npemmosxens! Takue metosl, kak FCT [7, 8], TVD [9, 10].
B nanHoii pabote Meron, omucaHHbIH B [11], pacmmpeH Ans pelieHUs 3a1add MENKOW BOIBL
Ipou3sBeneHo cpaBHEHNE METO/IA MO TPOM3BOIUTEIBHOCTH C APYTUMH MPUMEHSIEMBIMU METOIAMH.

2. [locmaHoeka 3adayu

B obnactu Q(0 < x <[, 0 <y < m) c rpanunamu [, penraercst 3a1a4a MeIKOiM BOJIBI.
MareMaTuyueckas MOJIENb 3aJa41 OIpeeNseTcs: cucTeMoi qud pepeHInanbHBIX ypaBHeHuH [12]:

0Q , OF 06 _ )
at = oax  ay M
qx Qy
h q% 1 qxqy
Q= o] F= |7 +ZIN +hD) o= h , @
dy x4y a 1 2
— —+—g(h“+h
n T 59(R% +hO)
L
A= |-Auz +v2ul, 3)
—A\/u2+v2v

rae Q — BeKTOp KOHCEpBATUBHBIX NIEPEMEHHBIX, F 1 G — BEKTOpHI HOTOKOB BAOIb OCEH X Uy, A —
BEKTOP TH/PABIHIECKOTO CONPOTHBICHNS; (y, ], — KOMIIOHEHTEI BEKTOPA PACXOJIOB BOABI (M%/C),

h — rry6una (M), { — ypoBeHb aHa KaHana (M), § — YCKOPEHHE CBOOOIHOTO ageHus (M/c?), A —

q q
KO3 (PUIIMEHT THAPABINIECKOTO TPEHHUS; U = 7" HV = Ty (m/c).

Ha rpannne I' o6mactu () 3agaHbl ycnoBus:

oh + h =h t 4
axnx ayny - (ler ) ( )

Ny, ¥ Ny, — KOMIIOHEHTHI BEKTOPA HOpMas Ha rpanuiie I
B HavajabHBIM MOMEHT BpEMEHHU 3a/1aHbl pACIIPEACICHUE KOMIIOHEHT BEKTOPA pacxoaa u rﬂy6I/IHaZ
4 (%, ,0) = q,,, (%, ), qy(x,,0) = q,,(x,¥), h(x,y,0) = hy(x,¥), X,y € Q. 5)

3. Memod peweHusi

Jns pemenns 3amaun (1)—(5) mpemmaraercst HCTIONB30BaTh SIBHYIO CXeMY KOHEUHBIX Pa3HOCTEH:
Pa3HOCTb BIEpe] 110 BPEMEHH U [IEHTpaJIbHas Pa3HOCTH 0 IPOCTPAHCTBY. MOHOTOHHOCTb PEIICHHUS
LIEHTPAJIbHO-Pa3HOCTHON cxeMbl oOecnieunBaercs MetonoMm FCT.

IIpu pemenuu 3anauu (1)—~(5) i pacueTHol o6nacTy () BBOAUTCS JUCKPETHBIH aHanor: x; = Ax -
L Do — 1 1

i,i=0..L, yj=A4y-j, j=0..M, t, =At-n, n=0..N. 3necp szz, Ayzﬁ, — mIaru
CeTKU IO TPOCTPaHCTBY, At — mo BpeMeHHW; |, m — jinMHHa W mwmpuHa obiactu, L, M —

KOJIMYECTBO Y3JIOB I10 OCAIM X N Y, N — KOJIM9EeCTBO Y3JIOB IO BPEMEHHU.
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Hwxe npuBenen anroputm uis pemenns 3aaauu (1) — (5).

Hlar 1. Beluncnenue npeBapuTeIbHOIO PEIICHUS

1At 1At
Q= Q) = 5 (Fihay = Filag) = 5y (Gl = GIj—1) + ALAT,

lar 2. Beruucnenue quddy3HoHHBIX
£ = vij Qs — QL)
955 = Wi (Qlj+a — Q).
1 aHTUIUPPY3HOHHBIX TIOTOKOB
£ = x1j(Qés, — Q).
gl =1;(Qfj41 — Q).
rae
Vij = Mo + M1 aiZ,jr Mij = Mo + M1 Eiz,ji
Xij =TNo T N2 aiz,j’ Kij = Mo + N2 Eiz,j;

1 1 1
no=g, 711=§‘ le=gi
b 2 Ax’ M 2 Ay’

Hlar 3. Iuddysus pemenus
—0F 4+ fd _¢d d d
Qij = Qi +fij — fizy; + 8ij — 8ij-1-
Ilar 4. Pacuet nepBbIX pa3HoCTEH
Q5 = Qi — Qi
AyQi*,j = Qi*,j - Qi*,j—1-
Ilar 5. Orpanndenue aHTUAU(DY3MOHHBIX TOTOKOB
d _ of o Tef d| of
f2¢ = Sjj max{O, mm[si,ijQi*—Ljr i 'Si,ijQi*+1.j]}r
d _ g8 P P d| c8 .
gj*® = S;;max {0, min [Si’jAyQ’i‘,j_l,gﬁj |,Si,jAyQ’i‘,j+1]},

f _— ad g _ i ad
Sij = sign £}, Si’j = sign gi’.

Hlar 6. AaTunuddy3noHHAsS KOPPEKIUS PELICHNST

n+l _ n* cad cad cad cad
b= Qi - (7Y — 98 + g — gl

Y CTOWYMBOCTH pEIIEHUS ONMPEEIIAETCS CISTYIOIINM YCIOBUEM:
min(Ax, Ay)

At < C
\/u12nax + Viax + 82hZ

3nech C — uucno Kypanra.

4. TecmupoeaHue u pe3ysibmamal

TecTupoBaHHe NPEIJIOKESHHOIO AITOPHTMa BBINOJHEHO Ha KJIACCHYECKUX TECTOBBIX 3aJavax,
MpUBeeHHbIX B paboTax [13] u [16].

4.1 Pacnap pa3pbliBa Hag ropu3oHTanbHbIM AHOM

[lepBBIM TECTOM SBISIETCSI PELICHUE OJHOMEPHO 3a7a4uu O pacraje pa3pbiBa HaJ POBHBIM JHOM
[13]. PaccmarpuBaeTcsi IIIOCKOE OJHOMEPHOE TEUCHHE JKUIKOCTU B KaHaje MIHHBI | = 240 M ¢
IUIOCKUM JTHOM { = const. B HavanbHbI MOMEHT B LIEHTpE 00JIaCTH 33/1a€TCsI pa3phIB YPOBHS BOABL,
pa3zaessoumii 18a 0OJHOPOIHBIX COCTOSIHUS ¢ BbIcoTOM h = h, cneBa u h = hy cripaBa ot pa3peiBa;
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crpaBa W CleBa OT paspbiBa KUAKOCTh HemozBmwikHa: Uy =Uug =0, hy =10 M, hy =1 m.
Iapamerpsr cetkn: 1| = 240mMmum = 50 m; Ax = 0,25mu Ay = 0,25 m, At = 0,001 c.

Tounoe pemenne
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Puc. 1. Ypogenw enybunv 6 3a0aue o pacnade nauanvhozo paspuiéa nput = 10 c.
Fig. 1. Depth level in the initial discontinuity decay problem att = 10 s

Pe3ynbratel B BHAE rpaduka rryOHHBI IPUBEICHBI 11t MOMeHTa BpeMenn t = 10 ¢ Ha puc. 1.

4.2 3apgava o pacnage LMNMHAPUYECKOro paspbiBa

Bropoii Tect BblmosHeH Ha 3agade 00 W3MEHEHHE YPOBHS CBOOOJHON IMOBEPXHOCTH IIpU
paspyIIeHNN OUINHAPHIECKOrOo CTOI0a HECKNMAEMOH HEBSI3KOH JKHIKOCTH B MEJNKOM OacceiiHe
[13—-15]. Ha puc. 2 npencrasieHa pacueTHas o0nacts ().

Ha rpanune I' o6nactu () 3ananbl yciaoBust CBOOOAHOTO POTEKAHUS:

oh oh
ox X dy
B HauanbHEIH MOMEHT BpeMEHH 3a1aHbI pacTipe/ieieHie KOMIOHEHT BEKTOPa PAacXoia U ITyOuHa:

hc, npu x? + y? < r?

ny = 0.

4x(x%,y,0) =0, q,(x,y,0) =0, h(x,y,0) = {ho' npux? +y2 > 12 , X,y € Q.
|
(Xerye) )
he
r;
I, m

ry

Puc. 2. Cxema pacuemnoii obnacmu 3a0auu o pacnade yuiuHOPUIeCKo20 paspuled.
Fig. 2. Scheme of the computational domain of the cylindrical discontinuity decay problem

TecTupoBaHue MPOBEACHO MPH cieAyomux napamerpax: 1 = 50mum = 50 M; Ax = 0,25mu
Ay = 0,25 m, At = 0,001 ¢; r = 10 M — paauyc IWIMHAPHUYECKOTO CTOJOA JKUIKOCTH C
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LIEHTPOM B TOUKe (X¢, ¥ ); he = 2 M — riryOuHa B HaYanbHBIIl MOMEHT BpEMEHH B IpeJieNax cToioa,
u hy = 0,5 M — ryOuHa U1 OCcTaIbHOM YacTh 00NACTH.

Tomoe pemcnis
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Puc. 3. Tecm 3a0auu o pacnade yununopuyecxkozo paspvisa nput = 1 c.
Fig. 3. Test of cylindrical discontinuity decay problem att = 1s.

Tormoe pemesne
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Puc. 4. Tecm 3adauu o pacnade yununopuueckozo paspviga nput = 2,5 c.
Fig. 4. Test of cylindrical discontinuity decay problem att = 2,5 s

PesynpraTtamu pacueToB sBIsIOTCS 3HaueHKs GyHkmu h. Ha puc. 3 npuseneHs! pe3yabTaTs s 1
c: rpadux npoduns gynknum h ot mentpa 1o kpas obmactu (3a) M HPOEKIMS pacHpeneseHHs
riay6uHsl Ha iockocTs Oxy (3b). PesymbraTsl pacdeTroB MOKa3bIBalOT, YTO AITOPHTM ILIOXO
yIIaBIUBaeT Iepenajbl MPY BHIOPAHHBIX IMarax IO MPOCTPAHCTBY. JTO OCOOEHHO 3aMETHO Ha
rpaduke npoduis rayOuHsl it 2,5 ¢ (puc. 4), YTO MOXKHO CBS3aTh C OCOOCHHOCTSMH METOJA
anTHAN( Y3NOHHON KOppPEKIHeH MoToKa.
IMpoexiuu rayOUHBI JEMOHCTPUPYIOT PABHOMEPHOE, CHMMETPUYHOE PACIIPOCTPAHEHUE BOJIHBI 10
BceM HampapieHUAM. [lomyueHHble pe3yabTaThl MOATBEPXKIAOT MPUMEHHMOCTb aNrOpUTMa K
PELICHHIO 3aJa4l MENKOH BOJBI B 00JIACTSIX, COAEPIKAIUX Paclaj pa3phiBa.

4.3 TeyeHus c byrpom Ha gHe

B nanHOM Tecte BbIOpaHbI ciemyromue mapamerpsl: | = 25M u m = 15 M; Ax = 0,25 m u Ay =
0,25 M, At = 0,001 c. Penbed ana 3agaun no ¢popmyiie, npuseaeHHoit B [13]:
1) = {0,2 —0,05(x — 10)?, 1/3<x<1/2;
0, uHaue.
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Hauanbneie yenosus: u = 0, {+ h = 2 m. ITpu x = 0 pacxoy paseH g, = 4,42 m%/c, a pu X = 25
M ryouHa h = 2 m.
Tounoe pemenne h = h (x) MoxHO HaiiTi ¢ HOMoIIBIO cooTHOIIeHus [13]:

h® + (—i—h h2+q—i2"=0
2gh%, 29

1.6 Tormmoe permesime
Ipufnsennos pemeie

Y]

0.8

0.6

0.4

0 2 4 6 B 10 12 14 16 18 20 2 2
T, M

Puc. 5. Ypoesens enybunst 6 3adaue o meuenuu ¢ 6yzpom na oue (Ookpumuueckuil pexcum) npu t = 10 c.
Fig. 5. Depth level in the problem of a flow with a hillock at the bottom (subcritical regime) att = 10 s
Pe3ynpTaThl mpuBeieHbl s MOMeHTa BpemeHu t = 10 c Ha puc. 5. IIpu Bpemenu pasHoM 10
CEKyH/IaM TE€UYEHHE SBISETCS yCTaHOBUBIIMMCS. [Ipy 3TOM paccunTaHHBIE 3HAYEHHS COBMAAIOT C

TOYHBIM PELICHUEM.

5. 3aknroyeHue

B pabote mpensioxkeH METOA pelleHHs IUIAHOBOM 3a/laud MENKOW BOAbL. MeTox peanu3oBaH Ha
OCHOBE 1ICHTPAJIbHO-Pa3HOCTHON IO MPOCTPAHCTBY M SIBHOM OJHOLIATOBOM IO BPEMEHU CXEMBI,
YCTOHUMBOCTb KOTOPOM JIOCTUTAeTCs HCHOJIB30BAHUEM MeTona aHTUIU((Y3UOHHONH KOPPEKIUU
notrokoB FCT.

Pabora mMeToma mpoJeMOHCTPHPOBaHA Ha IPHMEPE PEUICHHs KJIACCHYECKHX TECTOBBIX 3amadax,
npuBeAeHHBIX B pabotax [13] u [16]. Pe3ynbpraTsl MOIETUPOBAaHUS CPAaBHUBAINCH C U3BECTHBIMU
naHHbIMU [13-16]. CpaBHEHHE TIOKA3aJ10, YTO MPEUIOKEHHBIH METO UMEET CPAaBHUMYIO TOYHOCTh
peleHus.

IpuBenenubIid anropuT™ ObLT peann3oBaH Ha s3bike C# u mardopme Net 6. s cpaBHEHHs
CKOPOCTH BBIYMCIIEHHH Taroke ObIT peanmm3oBaH Meron Mak-Kopmaka ¢ ucmons3oBannem FCT.
W3mepeHus mokasayy, 4TO CKOPOCTh BBIYUCICHUH MPEATIOKEHHOTO anropuTMa Ha 40 MpoLeHTOB
BBIIIIE.

Cnucok nutepatypbl / References

[1] Lax P.D. Weak Solutions of Nonlinear Hyperbolic Equations and their Numerical Computation.
Communications on Pure and Applied Mathematics, vol. 7, 1954, pp. 159-193.

[2] Lax P.D., Wendroff B. Systems of Conservation Laws. Communications on Pure and Applied
Mathematics, vol. 13, 1960, pp. 217-237.

[3] MacCormack R.W. The Effect of Viscosity in Hypervelocity Impact Cratering. AIAA Paper 69-354, 1969.

[4] Von Neumann J., Richtmyer R.D. A Method for the Numerical Calculation of Hydrodynamic Shocks.
Journal of Applied Physics, vol. 21, issue 3, 1950, pp. 232-237.

[5] Lapidus A. A Detached Shock Calculation by Second-Order Finite Differences. Journal of Computational
Physics, vol. 2, issue 2, 1967, pp. 154-177.

248



Toranos M.H., Tumor I1.C. O penienuu o/1HO# 3a1a4n MEJIKOH BOJbI METOIOM LIEHTPAIbHBIX pasHocTelt i koppekuuei FCT. Tpyowt HCIT
PAH, tom 34, Bbim. 5, 2022 1., cTp. 243-250

[6] Tomynos C.K. Pa3HOCTHBI MeTOJ YMCIEHHOIO pacdeTa pas3pbIBHBIX PpELIEHUH ypaBHEHHI
ruapoauHamMuKky. Matemarudeckuii coopuuk. Hopas cepust, Tom 47(89), Bbim. 3, 1959 r., ctp. 271-306 /
Godunov S.K. Difference method for the numerical computation of discontinuous solutions of fluid
dynamics equations. Matematicheskii Sbornik. Novaya Seriya, vol. 47(89), issue 3, 1959, pp. 271-306 (in
Russian).

[7]1 Boris J.P., Book D.L. Flux-Corrected Transport. I. SHASTA, A Fluid Transport Algorithm that Works, J.
Comp. Physics, 11, p. 38, 1973.

[8] Zalesak S.T. Fully multidimensional flux-corrected transport algorithms for fluids. Journal of
Computational Physics, vol. 31, issue 3, 1979, pp. 335-362.

[9] Harten A. High Resolution Schemes for Hyperbolic Conservation Laws. Journal of Computational
Physics, vol. 49, issue 3, 1983, pp. 357-393.

[10] Chakravarthy R., Osher S. A New Class of High Resolution TVD Schemes for Hyperbolic Conservation
Laws. AIAA Paper 85-0363, 1985.

[11] ToTanos N.U., Tumoru I1.C. O6 ucnonb3oBanuu L{eHTpanbHO-pPa3HOCTHON CXEMBI AJIs PELICHUS 33141
ra3oBoii JuHaMHUKU. IHpopMaTHKa 1 CHCTeMBI yripaBiieHus, BoiiL. 2(68), 2021 r., crp. 17-22 / Potapov LI.,
Timosh P.S. On the use of the central difference scheme for solving the problem of gas dynamics.
Information Science and Control Systems, issue 2(68), 2021, pp. 17-22 (in Russian).

[12] KaprenumBuian H.A. HeycranoBusinecs oTkpbiThie HoTokHU. JI., Funpomereounsaar, 1968 r., 125 ctp. /
Kartvelishvili N.A. Unsettled open streams. L., Gidrometeoizdat, 1968, 125 p. (in Russian).

[13] benukos B.B., Anekciok A.J1. Mojenu Mekoii BOJbI B 3a1a4ax peuHoi rugpoaunamuku. M., PAH, 2020
r., 346 ctp. / [1]. Belikov V. V., Aleksyuk A.I. Shallow water models in problems of river hydrodynamics.
M., RAS, 2020, 346 p. (in Russian).

[14] Amiri S.M., Talebbeydokhti N., Baghlani A. A two-dimensional well-balanced numerical model for
shallow water equations. Scientia Iranica, vol. 20, issue 1, 2013, pp. 97-107.

[15] Canestrelli A., Dumbser M. et al. Well-balanced high-order centered schemes on unstructured meshes for
shallow water equations with fixed and mobile bed. Advances in Water Resources, vol. 33, issue 3, 2010,
pp. 291-303.

[16] BynaroB O.B., EnuzapoBa T I'. PerynspusoBaHHbIe ypaBHEHHSI MENKOW BOAbI U 3(P(EKTUBHBIA METO
YHCIEHHOTO MOZEIHPOBAHHS TeUeHUH B HETITyOOKHX BojoeMax. JKypHa BEIMUCIUTEIbHOR MaTeMaTHKI
U MareMmaTudeckoir ¢usuku, ToMm 51, Beit. 1, 2011 r., pp. 170-184 / Bulatov O.V., Elizarova T.G.
Regularized shallow water equations and an efficient method for numerical simulation of shallow water
flows. Computational Mathematics and Mathematical Physics, vol. 51, issuel, 2011, pp. 160-173.

MHdopmauusa o6 aBTopax / Information about authors

Hrops MBanosuu [IOTAIIOB — nokrop (pusnko-MareMaTHUeCKHX HAyK, Mpodeccop, 3aBeTy IO
nabopatopueil BBIYMCIUTENBEHOW MexaHHKH. Cdepa Hay4dHBIX HHTEPECOB: METOJ KOHEYHBIX
9JIEMEHTOB, METOX KOHTPOJBHBIX OOBEMOB, METOJ YaCTHUI, PEIICHHE CHCTEM anreOpamdecKux
ypaBHEHHMIl; MeXaHHKa CBIIYYHX Cpel, MEXaHHKa TeTePOTreHHBIX Cpel, MEeXaHHKa PYCIOBBIX
IIPOLIECCOB.

Igor Ivanovich POTAPOV — Doctor of Physics and Mathematics, Professor, Head of the Department
of Computational mechanics. Research interests: finite element method, control volume method,
particle method, solution of systems of algebraic equations; mechanics of granular media, mechanics
of heterogeneous media, mechanics of channel processes.

[TaBen CepreeBuy TUMOIL — mnaamuii Hay4YHbIH COTPYIHMK, acriupaHT. HayuHble UHTEpecH:
YHCIICHHBIC METO/BI, MEXaHUKA PYCIIOBBIX MPOLECCOB.

Pavel Sergeevich TIMOSH is a research assistant. Research interests is numerical methods,
mechanics of channel processes.

249



