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Hayuonanvnoiii uccnedosamenvckuii ynugepcumem «Boicuas wikona skoHomuxuy,
Poccus, 101000, Mocksa, Ilokposckuii oynveap, 0. 11.

AnHoTanmsi. CTpyKTypa MOJAENH Ipolecca, MOITyYeHHOW Ha OCHOBE JKypHana COOBITHI MHOTrOareHTHON
CHCTEMBI, 9aCTO HE OTPAXAeT apXUTEKTYPy CHCTEMBI C TOYKH 3PEHHs] B3aUMOJCHCTBUI MEXIY areHTaMHu.
CyniecTByoIINe METPUKHY IIPOBEPKH COOTBETCTBHS B OCHOBHOM OIIEHHMBAIOT CTEIICHb COOTBETCTBHSI IOBEICHUS
0oOHapy)XEHHOH MOJIENH IIOCIIE0BATEILHOCTSIM COOBITHH, 3aUKCHPOBAaHHBIM B XypHase. OIHAKO Takue
MIOBE/ICHIECKHE METPUKH MOTYT OKa3aThCsl HEOCTATOYHBIMHU JUIS TOTO, YTOOBI OTJIMYUTEH MOJIEIH MPOIECCOB,
U3BJICUCHHBIE M3 JKypHalla OJHOW M TOH k€ MHOTOAareHTHOM CHUCTEMBI, C y4eTOM CTENEeHH HE3aBUCHMOCTH
areHTOB U CIOXKHOCTH UX B3auMOZEHCTBHI. B manHOW paboTe mpeanaraeTcsi TeOPEeTUIeCKH 0OOCHOBAHHBIM
MOAXOA K HM3MEPEHUIO CTPYKTYpPHOM CIIOKHOCTH MOJENH MpOLecca, MPEeACTaBISIONed MHOTOAareHTHYIO
CHCTEMY C aCHHXPOHHBIM B3aUMOJEHCTBHEM areHTOB. TaxKe MPEeACTABICHBI KIIOUEBBIE PE3YNbTATHl CEPUI
9KCIICPIMEHTOB, HANPABJICHHBIX Ha OIEHKY YYBCTBUTEIHHOCTH HPEIUIOKEHHOTO IOIX0Ja K CTPYKTYPHBIM
H3MEHEHHUSM B MOJIENIAX IPOIECCOB.

KuioueBble ¢JI0Ba: MHOTOareHTHbIE CUCTEMBI;, ACHHXPOHHOE B3aUMO/JICHCTBHE; CUHTE3 MOJIEJIeH MPOLIECCOB;
cetu [leTpH; CeTH MOTOKOB PabOT; CTPYKTYpPHAS CIIOKHOCTD.

s uutupoBanus: 3emistaoit E.O., Hectepos P.A. AHanu3 cTpyKTypHOH CIOXKHOCTH CE€Tel OTOKOB paboT

IUTSL MOZICTAPOBAHHUS aCHHXPOHHOTO B3auMoeicTBust arentoB. Tpyast UCIT PAH, tom 37, Bein. 4, 4acThb 2,
2025 r., ctp. 47-68 (Ha anrmuiickoM sizbike). DOI: 10.15514/ISPRAS-2025-37(4)-18.

Baaronapuoctu: Pabota BeimonHeHa npu nogaepxkke [Iporpammel pyHIaMeHTaNBHBIX nccaenoBanuit HUY
BIIID, Mocksa.

1. Introduction

Modern information systems perform a wide variety of operations recorded in event logs that help
to track system performance, as well as to investigate and eliminate unwanted behavior. Event logs
consist of ordered sequences of events called traces. Event logs are used in process mining to
discover real process models with the help of various automated techniques [1-2]. Discovered
process models reflect behavioral deviations from the reference models prepared at the early stages
of the information system life-cycle. These deviations can be caused by different reasons, including,
for example, infrastructural changes or unexpected user behavior.

Process models discovered from event logs can be represented in numerous notations: Petri nets,
heuristic nets, causal nets, or Business Process Model and Notation (BPMN). In our work, we use
Petri nets [3] — a well-known formalism for modeling the process control-flow which represents
causal relations among actions recorded in an event log. In addition, Petri nets can serve as the
mathematical basis for practice- oriented modeling notations, such as BPMN [4].

A wide variety of process discovery algorithms allow us to discover different process models from
the same event log. In this case, the problem of selecting the most appropriate model arises. This is
especially acute for models discovered from event logs of multi-agent systems with asynchronously
inter- acting agents, as we show by the following example. Graph-theoretic characteristics, such as
density, miss the architectural aspects of a discovered model, as they do not use the fact that the
model structure should represent agent interactions.

Conformance checking [5] behavioral dimensions, fitness and precision, may also not be of great
use for differentiating process models discovered from the event logs of a multi- agent system. Most
of process discovery algorithms seek for the perfect fitness, when a discovered model can execute
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all traces in an event log, and for the high precision, when the behavior of a model is narrowed to
the traces in an event log.

Consider the following example. Figure 1a shows the Petri net model for a multi-agent system with
two agents exchanging messages via two channels. This model perfectly fits the trace given in Table
1, as it can be fully replayed. Precision of this Petri net is 0.85 [6]. Figure 1b shows the other Petri
net perfectly fitting the event log in Table 1, and its precision is also perfect, since it can execute
only this trace. Such a Peti net can be discovered using, for example, Inductive miner [7].

What is more important, the structure of the Petri net in Fig. 1b hides the architecture of a multi-
agent system with two interacting agents — they cannot be fully identified as subnets. In other words,
the structure of the Petri net in Fig. 1a is more complicated than the of the Petri net in Fig. 1b with
respect to the independence of agents.

> © o
3 <> :

a
channel C)

Agent 1 6 é Agent 2 é—
(b)

Fig. 1. Two models of the same multi-agent system.

This example highlights the problem that structural and behavioral conformance checking
dimensions might be insufficient to evaluate the structural complexity of process models discovered
from event logs of multi-agent systems. Moreover, the definitions of these dimensions vary across
different approaches, as noted in [8], where the authors also stress the lack of the formal basis behind
process model quality evaluation.

In this paper, we aim to propose a theoretically grounded approach to evaluating the structural
complexity of process models discovered from event logs of multi-agent system, such that the
independence of agents and the complexity of their asynchronous interactions are taken into account.

Table 1. The trace in an event log of a multi-agent system.

Timestamp Action Agent
2025-03-25 14:07:46.580465000 a Agent 1
2025-03-25 14:07:47.392390000 a Agent 1
2025-03-25 14:07:48.683925000 b1 Agent 2
2025-03-25 14:07:49.485992000 b2 Agent 2
2025-03-25 14:07:50.349081000 bs Agent 2
2025-03-25 14:07:51.218921000 as Agent 1
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The main contributions of our paper are:

1) A collection of structural complexity dimensions measuring the relative independence of
agents in the structure of a multi-agent system model.

2) The key properties of the proposed dimensions, including compositionality and
monotonicity with respect to the size of compared models.

3) The results of the experimental study aimed to assess the proposed approach sensitivity to
structural modifications in process models of multi-agent systems.

The remainder of our paper is organized as follows. In the following section, we outline the
theoretical background concerning Petri nets and the concept of neighboring transitions. Section 3
describes our approach to evaluating the structural complexity of process models based on various
methods to aggregate and average the number of neighboring transitions. In Section 4, we highlight
the key properties of our approach and report the main conclusions from a series of experiments. In
Section 5, we discuss the related research, and Section 6 concludes the paper by emphasizing the
main results and future work directions.

2. Preliminaries

In this section, we collect the basic definitions concerning Petri nets and their structure based on [3].
A restricted class of Petri nets is used in our paper to model multi-agent systems and asynchronous
communications among agents. We also present the concept of neighboring transitions — the basis
for evaluating the structural complexity of a multi-agent system model.

2.1 Workflow Nets

Workflow (WF) nets are extensively used to model the structure of processes discovered from event
logs of information systems [9]. A WF-net is a restricted class of a Petri net.

Definition 1 [3]. A Petri net is a triple N = (P, T, F), where P is a set of places, T is a set of
transitions, PNT = @,and F < (P x T) U (T x P) is the flow relation.

Graphically, a Petri net is shown as a bipartite graph, where places are circles, transitions are boxes,
and the flow relation is shown by directed arcs. Places represent states, whereas transitions — actions
executed by the agents in a multi-agent system. Figure 2 shows the example of a Petri net modeling
the multi-agent system with two cyclic agents exchanging messages via channel places a and b.

al fa a?
t, : ts
t3 — / t?
o2 b? (b o L%

ORI L 20

Fig. 2. Two asynchronously communicating agents.
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Definition 2 [3]. Let N = (P, T, F) be a Petri net. Forany node x e PU T

1) ex={ye€ePUT]|(y,x) € F}is the preset of x;

2) xe={y e PUT| (x,y) € F}is the postset of x.
The +-notion can be extended to a set of nodes X € PU T inaPetrinet N = (P,T,F),i.e.,e X =ex
and X e=x o for all x € X. A subnet of N generated by X € PU T isdenoted N(X) = (PN X, TN
X,Fn (X xX)). We consider Petri nets without self-loops, i.e., exNxe=@, and isolated
transitions, i.e., [et| > 1and |t e| = 1forallt € T.
A WF-net has the distinguished initial and final state rep- resented by the corresponding subsets of
places.
Definition 3 [9]. A WF-net N = (P, T, F,in, fin) is a Petri net equipped with the initial state in S
P and the final state fin < P, where:

1) ein = fine= Q;

2) VxePUT3i€inaf e fin:(i,x),(x,f) € F",
where F* is the reflexive transitive closure of F.
Intuitively, according to the second requirement of this definition, every node in a WF-net lies on a
path from its initial to its final state. The Petri net shown in Fig. 2 is also the WF- net, where the
initial and final states of two communicating agents can be easily identified.
We assign labels to transitions in a WF-net. Transition labels correspond to actions recorded in the
event log of a multi-agent system. Thus, we define a labeled WF-net.
Definition 4. Let A be a finite set of actions. A labeled WF-net N = (P, T, F,in, fin, A) is a WF-net
equipped with a total transition labeling function 2: T — A U {z}, where 7 is the label of the silent
action.
Tyis = {t € T |A(t) # 1} denotes the set of visible transitions. Silent actions can also be referred to
as invisible which means that they are internal system actions and are not assigned to an agent. Apart
from that, silent actions are also used in process mining algorithms to organize the structure of a
model discovered from an event log.
For example, the labels of the transitions in the WF-net shown in Fig. 2 are provided next to the
transitions. We will further work only with labeled WF-nets. Therefore, we will omit the term
“labeled”, and we will not clutter figures with transition labels. By convention, transitions
corresponding to silent actions will be shown by black boxes.
In our study, we consider multi-agent systems with k asynchronously communicating agents. Thus,
the set of actions A in Definition 4 can be partitioned into k subsets, i.e., A = {4;, 4, ..., A}, where
A; with i = 1, ..., k is the set of actions executed by the specific agent.
This partition of A naturally induces the partition of transitions ina WF-net N = (P, T, F,in, fin, 1)
into k subsets with respect to their labels. Consequently, T = {T},T,,...,Tx}, where T; =
{teT|A(@t) € A}withi=1,..,k.
By convention, we will use colors to distinguish transitions belonging to different subsets in the
partition of T. For example, the green and red colors distinguish two agents in the WF-net shown in
Fig. 2.

2.2 Composing Labeled WF-nets via Channel Places

To model the asynchronous interactions among agents in a multi-agent system, we use the
composition of WF-nets with labeled transitions studied in [10]. This operation involves inserting
channel places between specifically labeled transitions:

1) label “c!” — sending a message to channel “c”;
2) label “c?” — receiving a message from channel “c”.
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In Fig. 2, the channel place “a” connects two transitions with complement labels (“a!” and “a?”).
The same holds for the channel place “b”. By convention, channel places are colored blue. The
composition of two WF-nets, denoted by N; ® N,, is also a WF-net. In addition, this operation is
both commutative and associative. Thus, it is a convenient tool to model multi-agent systems with
three or more interacting agents.

Our paper is focused on the structural analysis of multi- agent system models. Thus, we do not recall
the behavior-preserving properties of the asynchronous WF-net composition proven in [10].

2.3 Neighboring Transitions

The main intuition behind our approach to evaluating the structural complexity of a multi-agent
system model, given by a WF-net, lies in identifying the structural connections among transitions
representing actions executed by different agents. In this light, we adopt the notion of neighboring
transitions discussed earlier in [11].
Definition 5. Let N = (P, T,F,in, fin, 1) be a WF-net. Neighboring transitions are defined by a
relation nbt € T X T, where Vt,, t, € nbt if and only if:

1) A(ty) # tand A(ty) # T;

2) VtET {t,t,}: (t;,t),(t, t,) EF  2AH) =1
If (t1,t,) € nbt, we refer to t, as the neighbor of t;. The second requirement in Definition 5 tells
that transition t, is the neighbor of ¢, if and only if all other transitions lying on a path from ¢, to ¢,
are silent. In addition, the nbt relation is not necessarily symmetric, since there can be different
paths connecting t; and t, in both directions (see Fig. 3, where silent transitions are shown by black
boxes).

| ]| O

a1 b1 a] b1

| o) \

(@) (t1,t2) € nbt (b) (t1,t2), (£2,t1) € b

Fig. 3. Neighboring transitions are not necessarily symmetric.

Next, using the nbt relation, we identify the neighbors of transition ¢t € T in a WF-net with respect
to the partition of T induced by the labeling.

Definition 6. Let N = (P, T, F,in, fin, 1) be a WF-net, where T = {T},T,, ..., T;} according to A.
Fort € T; withi = 1, ..., k define:

1) all(t) ={t' eT| (¢, t") € nbt};
2) diff(t) ={t' €all(t) |t ¢T;}
Let Ty = {t € T | all(t) # @} denote the subset of transitions that have neighbors.

The set all(t) contains all neighbors of transition t according to nbt. The set dif f(t) includes only
those neighbors that correspond to actions executed by agents different from that of ¢ according to
the labeling. In Fig. 2, for example, transition t, labeled by “a!” has all(t,) = {t3 t¢} and
dif f (t;) = {te¢}- Note that transitions t, and t, have all(t,) = all(ts) = @, since they both have
the single outgoing place not connected to other transitions.
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In the next section, we explore the structural complexity of the WF-net representing a multi-agent
system with k asynchronously interacting agents with the help of neighboring transitions discussed
above.

3. Structural Complexity of WF-nets

In this section, we present our approach to evaluating the structural complexity of WF-nets modeling
multi-agent systems with asynchronously interacting agents. The approach is based on the
identification of neighboring transitions. Intuitively, the number of neighboring transitions dif f (t)
across a complete WF-net reflects the extent to which different agents are mutually independent.
We say that the structure of a WF-net reflects the interaction-oriented viewpoint of the multi-agent
system architecture if the aggregated number of neighboring transitions dif f(t) is minimized to
those directly involved in the asynchronous agent interactions via channel places. Given a WF-net
N = (P,T,F,in, fin, 1), we introduce the general notion of Neighbor Independence NI(N) —a [0,
1]- normalized value with respect to the following two principles for all t € Ty, y:

1) p0: NI(N) =0 & diff(t) isequal to all(t);

2) pl: NI(N) =1 & dif f(t) contains no transitions.
Figure 4 illustrates the main intuition behind these principles, which we discuss further in more
detail.

NI

-
&gl
-

OO0

O-—.P’«—O«—_U%O

Orle OOl
o=

Fig. 4: The basic principles of Neighbor Independence.

Table 2 provides the configuration of the neighboring transitions for WF-nets N,, N,, N; and N,
shown in Fig. 4. These WF-nets represent four different models of the multi-agent system with two
asynchronously communicating agents. Each agent executes two actions. In this table, we construct
a couple (all(t), dif f (t)) for every transition in the mentioned WF-nets.

The first principle p0O corresponds to a WF-net whose structure does not allow us to distinguish
individual agents. Such structure does not reflect the interaction-oriented viewpoint of the multi-
agent system architecture. For example, in N;, shown in Fig. 4, transitions corresponding to the
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behavior of different agents alternate. N, slightly differs from N, since there is a single transition

b, in N, without neighbors.

Table 2. Neighboring transitions for WF-nets from Fig. 4.

a4, a by b,
Ny ({b1},{b:}) ({b2}, {b2}) ({az}, {az}) ({ai}, {a.})
N, ({b.}, {b1}) ({b2}, {b2}) ({az} {az}) (9, 9)
Ny ({az}, @) (2, 9) ({b.}, 9) ({az}, {az})
N, ({a,}, @) (9,9) ({b2}, ©) (9,9)

The second principle p1 corresponds to a WF-net with completely isolated agents (see WF-net N,
in Fig. 4). This is also demonstrated by the emptiness of dif f (t) for every transition in N, as given
in Table 2. Multi-agent systems with isolated agents and, correspondingly, with the perfect value of
NI should be considered as the degenerate case, since the usual architecture of a system involves
agent interactions.

In other cases, the value of NI(N) should be strictly between 0 and 1, according to the number of
(channel) places connecting transitions corresponding to actions executed by different agents. For
example, N5 shown in Fig. 4 does not fall directly into p0 or p1.

In the following paragraphs, we propose different methods for aggregating and averaging the ratios
of dif f (t) to all(t) for all transitions in a WF-net in order to obtain the [0, 1]-normalized value. If
we detect “pathological” cases violating the basic principles p0 and p1, we identify the main causes
and consider how to handle these cases.

3.1 Global Neighbor Independence

In this paragraph, we present our first attempt to evaluate the structural complexity of a multi-agent
system model. Global Neighbor Independence directly evaluates the aggregated ratio of |dif f (t)|
to |all(t)]| for all transitions in a WF-net N.

Definition 7. Let N = (P,T,F,in, fin,1) be a WF-net. The Global Neighbor Independence
GNI(N) is calculated as follows:

Zeer dif £ (O
NIIN) =1—-—=—/———"7"— 1
GNI(N) Yter lall(®)] @)

Table 3 provides the GNI values computed for the four WF-nets N,, N,, N; and N, from Fig. 4 as
well as for the WF-net shown in Fig. 2. It can be clearly seen that the ordering of these values
generally conforms with the basic principles p0 and p1 of Neighbor Independence discussed earlier.

Table 3. Comparison of GNT values.

Ny N, N3
GNI(.) 0 0 0.667

Fig. 2 N,
0.833 1

We should note that comparing neighbor connectivity values of WF-nets representing completely
different multi-agent systems is useless. For instance, GNI(N) > GNI(N,), where N is the WF-net
from Fig. 2, but the overall structure of N is perceived to be more complex in comparison with N,
from Fig. 4 at least because of the number of channel places.

The ordering GNI(N;) < GNI(N,) < GNI(N;) < GNI(N,) is easy to explain, since the
structure of these WF-nets demonstrates different levels of mutual independence of two
asynchronously communicating agents. GNI does not distinguish N, from N, since the absence of
neighbors for b, in N, cannot influence the fraction in (1).
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We can obtain GNI(N) close to 1 for a WF-net N with a lot of channel places connecting
transitions of different agents. The following proposition and example shown in Fig. 5 illustrates

@

Fig. 5. A pathological WF-net with GNI close to 1.

T

l

i Crmp O o)

The main idea behind this WF-net that that there are transitions, such that dif f (t) represents a tiny
portion of all(t) making the fraction in Defintion 7 close to 0.

Proposition 1. There exists a labeled WF-net N with GNI(N) tending to 1, such that the principle
pl is violated.

Proof. Consider a WF-net N = (P,T,F,in, fin,1) shown in Fig. 5. This WF-net models
asynchronous interactions between two agents through three channels.

Transitions in the leftmost (red) agent form the cyclic structure, where every transition is the
neighbor to the others. The rightmost (green) agent has the simple sequential structure with the same
number of visible transitions as the red agent. If we remove channel places from this WF-net,
GNI(N) will be 1, since there are isolated agents.

Let us introduce channels as shown in Fig. 5, where every transition in the first agent connected via
a single channel place to a single transition in the second agent. We will have that GNI(N) = 8/11
which is close to 1, but the agents are tightly connected. In addition, we generalize this case to n
transitions in each agent:

o X =Yierldiff(t)] =nand
o Y =Yrlall®))=n(n-—D+2n—-—1=n*+n-1

Taking the value of n to infinity, we obtain that the ratio X/Y (required by Definition 7) tends to 0,
and GNI tends to 1. Thus, we come to the violation of the principle p1, since it implies isolated
agents, but the structure of N with many connections between agents reflects the exact opposite
situation. We obtain the exaggerated value of GNI for a WF-net when there are too many internal
neighbors within the same agent. The relative impact of inserting a new channel place between a
pair of transitions, i.e., increasing |dif f (t)|, can be negligible. We call this the neighbor explosion
problem.

A possible immediate solution to this problem could be obtained by evaluating the global ratio of
internal transitions of agents to all visible transitions in a WF-net, as formalized in the following
definition.
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Definition 8. Let N = (P,T,F,in, fin,1) be a WF-net. Let T;y = {t € T | diff(t) = @}. The
Perimeter of Neighbor Independence PNI(N) is calculated as follows:
PNI(N) = 1l @)

[Tyisl

Consider the values of PNI provided in Table 5 for the WF-nets shown in Fig. 2, Fig. 4 and Fig. 5.
Firstly, we see that PNI resolves the pathological case of GNI shown in Fig. 5 by collapsing the
value to 0.5 as soon as Formula 2 eliminates the impact of the local neighbor structure of the red
agent. Secondly, it is clear that PNI conforms with the basic principles p0 and p1.

Table 4. Comparison of PNI values.

N, N, Fig. 5 Fig. 2 N N,
PNI(.) 0 0.250 0.500 0.750 0.750 1

Note that PN has the locality property in the sense that changes in the structure of a WF-net do not
require the complete recalculation as opposed to GNI. If we insert (remove) a channel place
connecting internal transitions of different agents in a WF-net N, we only need to subtract (add)
1/|T| to (from) the current value PNI(N). For example, if we insert a new channel between
transitions b; and a, in N5 shown in Fig. 4, the new value PNI(N,) =0.75 —0.25=0.5.

However, inserting a new channel between two transitions of different agents that already have
neighbors in the other agent does not affect the value of PNI. For example, if we insert a new channel
place between transitions b, and a, in N5 from Fig. 4, PNI remains the same (0.75), since T;y does
not change. Thus, the disadvantage to PNI is the lack of sensitivity to changes introduced into the
way of agent interactions. In general, we consider PN/ to be a partial improvement of GNI for the
resolution of the neighbor explosion problem.

To sum up our reasoning on Global Neighbor Independence, it is necessary to highlight the special
WEF-net for which the denominator in (1) becomes 0. This WF-net represents a multi-agent system
with k isolated agents — each agent can execute only a single action modeled by a single transition,

respectively (see Fig. 6).
t t.

Fig. 6. A WF-net with single-transition isolated agents.

In order to overcome this zero-denominator problem, we need to exclude transitions without
neighbors with all(t) = @ from the consideration. That is why Definition 6 introduces the set T,y =
{t e T|all(t) # 0}.

3.2 Local Neighbor Independence

This paragraph studies the averaged version of GNI. In fact, for each transition t in a WF-net N, we
evaluate the ratio of dif f(t) to all(t) and aggregate them separately as formalized below. Recall
that T denotes the subset of visible transitions whose label is different from z.
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Definition 9. Let N = (P, T,F,in, fin,A) be a WF-net. Local Neighbor Independence LNI(N) is
calculated as follows:

1 ldif f ()]
LNI(N) =1- mZtETWN [ali(0)] 3)
Note that LNI does not take transitions without neighbors into account. Intuitively, these
transitions do not make a meaningful contribution to the complexity of a WF-net representing a
multi-agent system with asynchronously interacting agents.

Consider the values of LNI computed for WF-nets shown in Fig. 2, Fig. 4 and Fig. 5. Overall,
we see that LNI does not violate the basic principles p0 and p1, as shown by the ordering of the
four WF-nets in Fig. 4.

Table 5. Comparison of LNT values.

N, N, N, Fig. 5 Fig. 2 N,
LNI(.) 0 0.250 0.750 0.833 0.896 1

LNI is sensitive to all changes that can be introduced into a WF-net N regarding the way agents
communicate as opposed to GNI and PNI. The corresponding change in the value of LNI can be
easily calculated. Let N’ be a new WF- net obtained after inserting a new channel place connecting
transition t, to transition t, in N, such that t, and t, do not belong to the same set in the partition of
T according to A. Then, LNI(N") = LNI(N) + A, where A is:

1 (ldiff(e)l _ |diff(t)l+1
( 0 1 ) (4)

Tyis \ lall(t1)] lall(ty)|+1

For example, let us insert a channel place from transition a, to transition b; in N5 shown in Fig. 4,
i.e., make b, a neighbor to a,. The direct application of Definition 9 givesus LNI(N') = g = 0.625.
The change A, calculated by (4), is 1/4(0/1 — 1/2) = —1/8 = —0.125. Therefore, LNI(N") =
LNI(N3) + A= 0.750 — 0.125 = 0.625, which conforms with Definition 9 applied directly.
Similarly, we can derive the formula for the change in the value of LNT corresponding to the removal
of a channel place connecting transition t, to transition t, in N, i.e., decreasing the number of
neighbors for t,, such that ¢, and t, do not belong to the same set in the partition of T according to
A. Then, LNI(N") = LNI(N) + A, where A is:

1 (Idiff(t1)| B Idiff(t1)l—1) 5)
Tyis \lall(t)]  lali(t)]-1

For example, let us remove a channel between transitions a; and b, in the WF-net N shown in Fig.
5. Note that the original LNI(N) = 5/6 = 0.833. The direct application of Definition 9 gives us
LNI(N") = 16/18 = 0.889. The corresponding change A, calculated by (5), is 1/6(1/3 — 0/2) =
1/18. Thus, LNI(N") = LNI(N) + A= 5/6 + 1/18 = 16/18, which again agrees with Definition
9 applied directly.

Overall, (4) and (5) help eliminate the need to recalculate LNI for a whole WF-net, once changes to
the structure of agent communication are introduced.

Next, we discuss the key example to differentiate LNI from GNI. Consider WF-nets Ny, and N
shown in Fig. 7. They represent two ways of asynchronous interactions between two agents via a
fixed number of channels using multiple transitions and a single transition, respectively. Ngr
cannot be obtained using the composition described in Section 2.2.

By Definition 7, GNI(Nyr) = GNI(Ng;) =1 —3/7 = 0.571. Global Neighbor Independence
cannot distinguish the inner structure of asynchronous agent interactions, since the effect of dif f (t)
is spread among all other neighbors. However, by Definition 9, LNI(NMT) = 0.667 <
LNI(NST) = 0.875. Local Neighbor Independence not only aggregates and averages the number
of transition neighbors, but also reveals the details on the asynchronous interaction.
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(a) Ny — multi-transition (b) Ngr — single-transition
Fig. 7. Asynchronous interactions via several channels.

Thus, decreasing the number of transitions involved in asynchronous interactions, while maintaining
the same number of channel places, makes the structure of model simpler and increases the value of
LNI. Consider the generalization of WF-nets shown in Fig.7 up to n transitions in each agent:

1 (n-1 3n—-1
LNI(Nyp) =1 — Z(nT + 1) = (6)
_ _i L _ 2n+1
LNI(Ngr) =1 2n (n+1) T 2n+2 ™

Itis easy to see that LNI(Nyy) < LNI(Ngp) forn > 1.

To sum up, LNI does not solve the neighbor explosion problem (see Fig. 5 and Proposition 1). The
localized calculation of |dif f (t)|/]|all(t)| does not help us to avoid tending LN to 1, since each
transition in the leftmost agent has too many neighbors, whereas only one of them is connected with
the rightmost agent. We can try to “shift” the weight of the aggregated fraction |dif f (t)|/|all(t)|
in order to move the value LNI to the left of 1 — a possible way for this will be discussed in the
following paragraph.

Nonetheless, the advantages to Local Neighbor Independence, discussed above, outweigh the
problem with the pathological WF-net.

3.3 Balanced Local Neighbor Independence

Recall that the set of visible transitions Ty, in a WF-net N are partitioned into k subsets — Ty, =
{1, T,, ..., T\, }, where T; is the subset of transitions corresponding to the actions executed by the
specific agent withi = 1, 2, ..., k.

Here, we consider the use of a weighted average of LNI’s computed separately for each agent in a
WHF-net. In order to keep the notation simple, the definition provided below implicitly considers
transitions only with neighbors, where all(t) # @.

Definition 10. Let N = (P, T, F,in, fin, A) be a WF-net, where Ty;s = {T;, T, ..., T} } is a partition
of Ty;s according to A. Let wy, w,, ..., w;, be weights, where w; + w, + --- + w), = 1. Balanced
Local Neighbor Independence BLNI(N) is calculated as follows:

)
BLNI(N) =1 — ?=1|‘:_i|2t€7"i |;ll(t)| ®)

58



3emmsnoit E.O., Hectepos P.A. AHanu3 CTpyKTYPHO#! CIIOKHOCTH CETE# OTOKOB paboT A1 MOASIMPOBAHHUS aCHHXPOHHOTO
B3auMO/ieHcTBus areHToB. Tpyost UCII PAH, 2025, Tom 37 Bein. 4, yacts 2, c. 47-68.

The main question with BLNT is how to arrange weights w1, w2, ..., wk. On the one hand, weights
can be assigned equally, i. e., w; = w, = --- = w;, = 1/k. In this case, every agent has the equal
contribution to the structural complexity of a WF-net. On the other hand, the uneven arrangement
of weights can be used to increase (decrease) the relative impact of an agent on the structural
complexity of a WF-net.

Table 6 provides the values of BLNI for the pathological WF-net from Fig. 5 with different
arrangement of agent weights, where wy, is the weight for the leftmost (red) agent and wy; is the
weight for the rightmost (green) agent. Since we want to increase the impact of the red agent, we
show how the value of BLNI changes with the increase in the weight wy.

As we can see in Table 6, increasing the weight wy of the red agent leads to a decrease of the value
of BLNI up to its minimum when wg, = 1. However, this cannot completely resolve our
pathological WF-net example in Fig. 5 in the general case. Therefore, we can admit that localization
of the structural complexity evaluation does not overcome the neighbor explosion problem when
there are transitions for which |dif f (t)|/]all(t)| tends to O.

Table 6. BLNI with different weight arrangements for the WF-net from Fig. 5.

WR = 05 WR =07 WR =1
WG = 0.5 WG =0.3 WG =0
BLNI(.) 0.833 0.767 0.667

Another possible reason to assign uneven weights w; to agents in (8) is the significant difference in
their size (the number of transitions). Consider the WF-net shown in Fig. 8, where the agent sending
a message has a single transition, while the other agent has eight transitions. The values of LN and
BLNI with various weight arrangements for this WF-net are given in Table 7 below, where wy, is
the weight of the red agent, and wy; is the weight of the green agent.

As we can see in Table 7, the equal weight assignment for agents in the WF-net in Fig. 8 significantly
lowers the structural complexity evaluation compared to LNI. The main reason for this is that the
only transition in the green agent is involved into the communication with the red agent. In addition,
we note that the arbitrarily arranged weights (w; = 0.7, wi = 0.3) that ignore, for instance, size
ratio, can result in the poorly interpreted result.

OatingG
Fig. 8. A WF-net with significantly different agents.

Thus, according to the values provided in Table 7, LN gives the most appropriate evaluation of
the structural complexity of a multi-agent system with two agents (with a very different size)
communicating via a single channel.

To sum up, BLNI is a flexible version of LNI, since one can assign different weights to agents.
However, weights assigned to agents should not conflict with the real structure of a WF-net.
Otherwise, one can dramatically change the original LNI For example, if we set w; = 0 and w, =
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1 for the pathological WF-net N in Fig. 5, we obtain BLNI(N) = 0, but the structure of this WF-
net allows us to identify asynchronously communicating agents as subnets.

Table 7. LNI and BLNI with different weight arrangements for the WF-net from Fig. 8.

BLNI(.)
LNI(.) Wi =105 Wy =0.7 Wep=1
WG = 0.5 WG = 0.3 WG = 0
0.900 0.500 0.300 0.700
Therefore, the basic recommendation for BLNI can be either to use the standard equal weight
arrangement w; = w, = --- = wy, = 1/k or to use an arrangement scheme that agrees with the
internal structure of agents, for instance, based on the number of transitions. For the equal weight
arrangement w; = w, = --- = wy, = 1/k, the following obvious property, connecting LNI and
BLNI, holds.
Proposition 2. Let N = (P, T,F,in, fin,1) be a WF-net, where TVIS = {T;,T,, ..., T} is the
partition of T accordingto A, and |T;| = |T,| = -+ = |Tx|. Letw; = w, = - = wy, = 1/k be the
weights. Then BLNI(N) = LNI(N).
Proof. Substitute the given weights into (8):
—q_vk _1_ dif £ (D)
BLNI(N) = 1= Xy o Yeer o ©)
Assoonas |Ty| = |Ty| = - = |Tk|:
_q__1 vk |diff ()]
BLNI(N) =1 = =3 Seer, o (10)

Propagate the sum over i in (10):

I difF©)]
BLNI(N) = 1~ t;mm — LNI(N)

since Definition 10 does not consider transitions without neighbors.

3.4 Neighbor Independence: Discussion

Here, we summarize the main aspects of our approach to measuring the structural complexity of a
multi-agent system model in terms of the extent to which the structure of a WF-net reflects the
interaction-oriented viewpoints of the system architecture. We introduced Neighbor Independence
to evaluate how tight or loose the internal structure of asynchronous agent interactions in a WF-net
is. Various methods of aggregating and averaging neighboring transitions gave rise to the following
notions:

1) Global Neighbor Independence (GNI);

2) Perimeter of Neighbor Independence (PNI);

3) Local Neighbor Independence (LNI);

4) Balanced Local Neighbor Independence (BLNI).

Based on the analysis performed in the previous paragraphs, we compare these variations of
Neighbor Independence against the following criteria:

e cl: conformance with the basic principles;
e C2: sensitivity to the communication structure;
e c3: sensitivity to changes in the communication structure;
e c4: locality of recalculation.
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The criterion c1 also considers the neighbor explosion problem, which is the main reason for the
violation of the principle p1. Table 8 provides the concise comparison protocol.

Table 8: Comparison of the various versions of Neighbor Independence.

GNI LNI BLNI PNI
cl partial yes
c2 no yes yes yes
c3 yes yes yes no
c4 no yes yes yes

Based on these comparison results, we consider LNI to be the best choice for evaluating the
structural complexity of a multi-agent system model with respect to the way agents interact. The
neighbor explosion problem can be considered as a degenerate modeling case which is very unlikely
to occur. In the next section, we discuss the key properties associated with the calculation of LNI
and conduct a series of experiments to confirm the main conclusions obtained here.

4. Properties and Experimental Evaluation

In this section, we discuss several key properties of our approach to evaluating the structural
complexity of a WF-net, which represents a multi-agent system with k asynchronously interacting
agents. Firstly, we demonstrate that:

1) LNI can be computed in a compositional way;
2) LNI is monotone with respect to the size of WF-nets connected by an
abstraction/refinement relation.

Secondly, to analyze the behavior of Neighbor Independence concerning structural changes in WF-
nets, we conduct a series of experiments and report the main outcomes from them.

4.1 Compositionality of LNI

If we partition the set of transitions T in a WF-net N and substitute this partition into (3), we obtain
that LNI(N) is a weighted average as proven in the following proposition, which considers the basic
case of partitioning T into two subsets.
Proposition 3. Let N = (P, T, F,in, fin,A) be a labeled WF-net. Let Ty,;s =T, U T,, where T; N
T, = @. Then:

LNI(N) = w; LNI(N;) + w, LNI(N,)
where N; is the subnet of N generated by T; and w; = |T;|/ (|Ty| + |T;|) with i =1, 2.
Proof. The proof is by construction. By Definition 9 for N:

ldiff ()]

1
LNIN) = 1 = o Zeerho vd o (11)

Expand the sum over transitions with neighbors in (11):

) 1 2 |dif f ()]
LNI(N) =1 — m; ;Nm

By Definition 9, for the subnet N; with i = 1,2:
1

ldif f ()l
— 12
IT;] (12)

LNI(N,) =1— i)

2 teTVN

Multiply both sides in (12) by w; with i = 1,2:
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1 diff O
w; LNI(N;) = w; — Z
NI =W TR 2, Talo)

Since w; + w, = 1 by the proposition assumption, we have:

2
| diff(0)
w; LNI(N, =1—7Z Z Al
W= RIL 2, Tl

which exactly corresponds to LNI(N).

Thus, LNI(N) corresponds to the average of LNI(N;) computed independently for the subnet N; of
N and weighed by the size of these subnets (the number of transitions T;). In fact, Proposition 3
allows us to choose arbitrary subnets (possibly having common places) in a WF-net N to calculate
LNI(N) (see Fig. 9a, where subnets contain transitions belonging to different agents). However, we
believe that the appropriate way to identify subnets in a WF-net N is to isolate transitions belonging
to different agents, as shown in Fig. 9b, which corresponds to the composition of WF-nets as
discussed in Section 2.2. This WF-net models a multi-agent system with three interacting agents,
i.e., the set of transitions is partitioned into three subsets T = {T;, T,, Ts}, where T; = {a,,¢,}, T, =
{b1}and T3 = {d,}.

2
i=1

(a) arbitrary subnets (b) agent-based subnets

Fig. 9. Two ways of choosing subnets in a WF-net.

Now consider the calculation of LNI(N) for the WF-net N in Fig. 9. The direct application of
Definition9 gives LNI(N) =1—-1/4(1/2+1/1 + 1/1) = 3/8 = 0.375. Let us use the arbitrary
subnets given by Fig. 9a to calculate LNI(N), which, in this case, is equal to the following:

(126 +3) +2(1-20) -3 ®

Let us also use the agent-based subnets given by Fig. 9b to calculate LNI(N), which is equal to the
following in this case:
2 1/1 2 1/1 3
z(l—z(z))+z(1—z(z))=§ (14)
Both (13) and (14) yield the same result corresponding to Definition 9 applied directly.
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The compositionality behind Local Neighbor Independence allows us to decompose the calculation
process for the large multi-agent system model into several independent parts that can be executed
in parallel.

4.2 Monotonicity of LNI

As we mentioned in Section 3, comparing models of completely different multi-agent system with
respect to Neighbor Independence is useless. However, in this paragraph, we aim to consider a
restricted class of related models whose structural complexity comparison is meaningful. These are
abstract WF-nets and their refinements related via a-morphisms [12]. The example of an a-
morphism ¢: N; = N,, where N; is a refinement of the abstract WF-net N,, is shown in Fig. 10. N,
can be seen as an interface which is implemented by N;. In addition, both N; and N, can be seen as
a composition of two WF-nets via two channels used to exchange messages — N; exhibits the refined
behavior of the red agent. In fact, a-moprhisms are extensively used in [11] to identify which
structural and behavioral properties are preserved in the composition of WF-nets.

Intuitively, within an a-morphism ¢: N; = N,, a place in N, is refined by a subnet in N,. For
instance, a place p, in N, is refined (shown by the dashed arrow in Fig. 10) by a subnet with two
transitions in N;.

An a-morphism ¢: N; = N, is a surjective map, fully defined by the way transitions in N, are
mapped on transitions in N,. If transition ¢ in N, is mapped to place p in N,, then « t « is mapped to
p as well. If transition ¢, in N; is mapped to transition ¢, in N,, then @(e t;) =« t, and @(t; *) =
ty ..

Fig. 10. The a-morphism between two WF-nets N; and N,.

As proven in the following proposition, Local Neighbor Independence is monotone with respect to
the size of WF- nets related by an a-morphism under the certain restrictions.

Proposition 4. Let N; = (P, T}, F;, in;, fin;, ;) be aWF- net with i = 1,2. Let ¢: N; - N, bean a-
morphism, s.t. [T, N @~ *(P,)| = |~ (T,)|. Then, LNI(N,) = LNI(N,).

Proof. The requirement [T, N @~ 1(P, )| = |@~1(T,)| implies that the number of transitions in N;
that are mapped on places in N, is at least as big as the number of transitions in N; that are mapped
on transitions in N,. Since ¢ is surjective, |T;| = 2 |T,|. By Definition 9, LNI(N,) is:
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1 |diff(t,)]

ldif f (t1)] 1
_|T_1|Zf16T1 auten] =17 2|T2|Zt1€T1 lall(tp)] (15)
By Definition 9, LNI(N,) is:
1 |diff(t,)]
B EZ‘ZETZ lall(t,)] (16)

Note that the value of the sum in (15) over the set T1 is determined by those transitions in T; that
are also mapped on transitions in N,, because, for each transition t; mapped to a place in N,
|dif f(t)] = 0. There are at least |T,| transitions in N; mapped on transitions in N,.

In N,, there can be several cases concerning transitions mapped by ¢ on transitions. Firstly,
|dif f (t,)| can remain the same as |dif f (¢(t;))] in N5, and |all(t,)| can increase by new internal
neighbors or remain the same. Then, (15) = (16), which means LNI(N;) = LNI(N,). Secondly,
both |dif f (t,)| and |all(t,)| can grow. Then, |T;| = a|T,|, where a > 2. Correspondingly, the
value subtracted from 1 in (15) will be adjusted downward. Thus, LNI(N,) = LNI(N,).

In other words, we show that a refined WF-net N;, obtained by substituting places for subnets,
cannot be structurally worse than an abstract WF-net N, in terms of asynchronous agent interactions.
A refined WF-net introduces more internal agent transitions and lowers the relative impact of
connections to other agents. For instance, LNI(N;) = 0.857 > LNI(N,) = 0.625 for the a-
morphism provided in Fig. 10. We admit that we impose the rather strong restriction on the size of
Nj, that can be weakened during the future research.

4.3 Experiment Layout

The behavior of Neighbor Independence concerning changes in WF-nets is analyzed using a family
of randomly generated models. The experimental procedure includes:

1) Initialization. We specify parameters for the random WF-net generation:
o the number of agents;
o the number of places, transitions within each agent;
o the number of places used for agent interactions;
o the so-called density of arcs within each agent d;,, and between them d,,,;.
In the context of our experiments, we work with agents of the same size (the number of transitions).

2)  Generation. We generate the required number of places and transitions and randomly add
arcs between them according to densities chosen in the previous step.

3) Evaluation. We calculate the values of GNI and LNI for the generated WF-nets. BLNI is
out of the scope of experiments, since it coincides with LNT for equally-sized agents (see
Proposition 2).

Densities of arcs are defined by a number 0 < d;;,, dyy,: < 1 which represent the random discrete
variable &, and &,,; — both of them is defined as shown in Table 9.

Table 9: Probability values for &;,, and &,,,;

1- d{in/out} d{in/out}/2 d{in/out}/2
£ no arc between a place and arc froma place to a arc from a transition to a
a transition transition place

Experiments are conducted to verify that:
h1: increasing the number of channels between unchanged

h2: increasing the number of places in agents with unchanged channels increases the values of
GNI and LNI.
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4.4 Experimental Results

Here, we report the key outcomes from the experiments conducted to analyze the behavior of GNI
and LNI with respect to hl and h2. According to the layout described previously, we generated
random WF-nets with d;,,, d,,,; = 0.8 varying the number of transitions, places and channels. For
each set of generation parameters, we produced and analyzed 100 WF-nets by averaging and
assessing the standard deviation of GNI and LNI, respectively.

0.6 10

e ep| —— GNI (3 places)
T g Ry 0.9 4 === LNI (3 places)
7 \\ —— GNI (5 places)
R B S i e o i — ‘:\ === LNI (5 places)
_________________ R IR\ — GNI (10 places)
""""" AN ——- LNI (10 places)
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0.4 — s
P — \ ‘\\\\ ——- LNI (15 places)
’ 0.6 3 N
—— GNI (3 channels) ‘\\ \‘\:\
0.31 === LNI (3 channels) PNt
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Fig. 11. A selection of experimental results for WF-nets with 5 transitions per agent.

The complete specification of the experimental results can be found in the repository [13], while
Fig. 11 provides a selection of these results for WF-nets where each agent consists of 5 transitions.
The shaded areas around the lines show the standard deviation.

Firstly, the left chart in Fig. 11 supports h1, showing a decrease in dimension values as the number
of channels increases. Moreover, both GNI and LNI tend to similar values which rise as the number
of internal agent places increases. Secondly, the right chart in Fig. 11 supports h2. The growth in
the internal complexity of agent increases only the denominator in (1) and (3) leading to the
respective increase of GNI and LN, as shown in this chart.

To sum up, hl and h2 follow from the way GNI and LN/ are calculated according to Definition 7
and Definition 9. Moreover, complete experimental results shows that the trends in Fig. 11 are the
same regardless of the size of agents.

5. Related work

As we mentioned in Introduction, there are many algorithms for the automated discovery of process
models from event logs of information systems. Among the most wide-spread are Inductive miner
[7], Fuzzy miner [14] and Region theory-based miner [15]. They overcome typical problems of
event logs — incompleteness (a finite event log cannot cover all possible process scenarios) and noise
(missing or duplicated activities). Inductive miner can also guarantee the perfect fitness and the
behavioral correctness of a discovered WF-nets.

The existence of a large number of different process discovery algorithms makes the quality
evaluation of discovered models a very important problem. Conformance checking [5] provides
several basic quality dimensions — fitness, precision, generalization and simplicity. Fitness, precision
and generalization are focused on measuring the correspondence between a discovered model and
an event log from a behavioral point of view. Simplicity is aimed at assessing the structure of a
discovered model, identifying, for example, useless nodes. Process models discovered from event
logs of multi-agent systems requires special attention, since behavior-based quality dimensions may
not differentiate models regarding the extent to which their structure reflects key interaction-oriented
view- points of the multi-agent system architecture.
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General graph-theoretic complexity measures, including density and cyclomatic complexity [16],
consider the entire structure of a model, which is not sufficient for a model representing a multi-
agent system with asynchronously inter- acting agents. Similarly, in [17], the authors discussed
several empirical approaches to measuring the general complexity of Petri net. That is why, we
developed the special approach to evaluating the structural complexity of a WF-net.

The problem of discovering process models from event logs with the understandable structure was
considered in various contexts. A set of papers [18-20] proposed different approaches to improving
the structure of discovered models by the localization of the event environment in a log and by
composing fragments of the regular behavior with the rare and exceptional scenarios. Discovery of
hierarchical process models, where a high-level event represents a subprocess, was studied in [21],
[22], where the authors also considered sophisticated cyclic and concurrence relations between
subprocesses. The identification of low-level and high-level events in an event log is a natural way
to improve the structural representation of a process model. The paper [23] initialized a new
direction of modeling and discovering object-centric Petri nets from event logs. Interactions of
objects are represented through complex synchronizations which allow one to model consumption
and production of objects of different types. Compositional discovery of behaviorally correct and
architecture-aware process models, whose structure reflects individual agents and their interactions,
from event logs of multi-agent systems was studied in [11].

Our study continues [11] in a way that we expand on the notion of neighboring transitions. Based
on the number of places connecting transitions of different agents in a WF-net representing a multi-
agent system, we proposed several methods for aggregating and averaging the number of
neighboring transitions. These methods exhibit various levels of sensitivity to changes in the
structure of asynchronous agent interactions.

6. Conclusion and Future Work

In this paper, we considered the problem of assessing the structural complexity of process models
representing multi-agent systems with asynchronously interacting agents. Specifically, we worked
with WF-nets that can be discovered from event logs recording the historical data on multi-agent
system operation. The structural complexity of a WF-net was expressed through the notion of
Neighbor Independence intuitively showing how loose the inter-agent connections are. Using this
idea with the various levels of locality, we proposed three [0, 1]-valued dimensions of structural
complexity showing the extent to which the structure of a WF-net reflects the interaction-oriented
viewpoints of the system architecture.

We formulated the neighbor explosion problem — a special pathological case when the proposed
dimensions tend to 1, since there are too many internal neighboring transitions within an agent. This
can be resolved by refusing to perform the localized analysis of agent interactions. However, we
consider this pathology to be a degenerate case. Its occurrence is unlikely in process modeling
practice.

The core part of our study was devoted to identifying the main properties of the proposed structural
quality dimensions. We proved that Local Neighbor Independence possesses compositionality and
monotonicity. The latter holds for WF- nets related by a special abstraction/refinement relation under
certain restrictions on their size. Sensitivity of the proposed dimensions to structural WF-net
modifications was analyzed through the series of experiments. The experimental results are in
agreement with the formal definitions. Inserting new channel places has a greater impact on the
value of a dimension than increasing the internal complexity of an individual agent. Future research
will be focused on the following directions. Firstly, we suggest extending the applicability of the
proposed approach to general Petri nets. Secondly, we plan to develop an algorithm for localizing
process model fragments that contribute most to the complexity of agent interactions.
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