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AnHotamms. IlpoBeneHo mpsAMoe UYHCIEHHOE  MOJEIMPOBAaHHE  PaCIpPOCTPaHEHUs
BHYTPEHHHX BOJIH ¥ 00pa30BaHMs BOJHOBBIX aTTPAaKTOPOB B TpallelenIaIbHOM KOHTeHHepe,
3aII0JIHEHHOM YCTOMYHMBO CTPAaTH()UIMPOBAHHBIM PACTBOPOM COJIH C IIOCTOSTHHOW YaCTOTOM
miaBydecTd. JleBas BepTHKalbHAs CTEHKAa KOHTEifHEpa COBepIIaeT MOHOXPOMAaTHYECKHE
konebaHus B (popMe IOJOBHHBI KOCHHYCOWABI Ha BBICOTY KOHTEHHEpa, NpaBas CTEHKa
pacrosioxeHa MOof yriIoM K BepTHKANN U o0ecrednBaeT (GOKyCHpOBKY BHYTPEHHHUX BOJIH, 1B
JIpyTHe TpaHWIBl TOPH30HTAIBHEL Ha BepxHeH TrpaHMIEe 3aJaHO YCIOBHE OTCYTCTBHS
KacaTelbHBIX HAIpSOKEHUM, Ha OCTaJbHBIX YCJIOBUE MNpHIMNaHus. PaccuuTbiBaroTCs
ypaBHeHuss Haswe-CTokca B mnpubmmxeHun byccuHecka B TpéXMepHOH U JIByMEpHOH
nocraHoBke. [IpsMoe 4HCIIEHHOE MOJETMPOBAHUE TPOBEJEHO C TIOMOIIBIO METoja
CIIEKTPaJIbHBIX 3JEMEHTOB §-ro mopsaka M MoauduumpoaHHoro koxa nek5000. C
MOMOIIBI0O PUMEHEHHs NpeoOpa3oBaHmii ['mup0epTa M 4acTOTHO-BPEMEHHBIX IHWArpaMM K
pe3yapTaTaM UHCICHHOTO MOJENMPOBAHUS aTTPAKTOPOB BHYTPEHHHX BOJH YAAIOCh
HONYYUTh BPEMEHHBIE M IPOCTPAHCTBEHHBIE BOJHOBBIE XAapaKTEPUCTHKH, B YaCTHOCTH
BOJIHOBBIE BEKTOPBI, COOTBETCTBYIOIINE BPEMEHHBIM YacTOTaM, HOIYyYEHHBIM C ITOMOIIBIO
YaCTOTHO-BPEMEHHBIX auarpamM. [Ipu 3ToM ucmone3dyercs npeoOpazoBanue ['mimbbepra c
¢unbTpanyeil Mo y3KOMy JMamna3oHy 4acToT. YacTOTHO BpEeMEHHbIE AWarpaMMBbl JUIS
PEXKHUMOB CO CIab0if HAJKPUTHYHOCTHIO MOKA3bIBAIOT BO3HHKHOBEHHE NOYEPHHMX BOJIH Ha
4acTOTaX, COOTBETCTBYIOLIMX TPUAAHOMY BOJIHOBOMY PE30HAHCY. BbINonHeHHe TpuamgHOTO
pe3oHaHca AT JOYEPHHX YacTOT JEMOHCTPHPYETCS ¢ HOMOIIBbI0 OHCHEKTPOB, HA KOTOPBIX
MpON3BE/ICHNE aMILUTUTY/] ITOKA3aHO Ha JAEKapTOBOM MPOW3BEICHUH YaCTOTHBIX JHAIIA30HOB.
Tlocne ¢umpTparn MPOCTPaHCTBEHHBIX MOJIEH TOPU30HTATHHONH KOMIIOHEHTHI CKOPOCTH IO
MONYyYeHHBIM YacTOTaM MOJY4YeHBl COOTBETCTBYIOIIME BOJHOBBIE BEKTOPHI, TaKkKe
YIOBJIETBOPAIOIINE YCIOBUSM TPUATHOTO PE30HAHCAa BOJHOBBIX BEKTOPOB. Pe3ynbrarhl
XOPOIIIO COOTBETCTBYIOT IAaHHBIM SKCIIEPUMEHTOB, poBoguMbix B ENS de Lyon.
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1. BeedeHue

B ormumume ot atMmocdepsl 3emii, MHPOBOW OKeaH HE SBISIETCS KIACCHYECKOU
TEIUTOBOH MAIIIMHOM, W TEIJIOBBIE IMPOIECCHl BEPTHKAJIHHOTO OOMEHA JHEpTHEi,
HapsAdy C BETPOBBIMHM BO3JCHCTBUSAMH, WIpAOT CYIIECTBCHHYIO pOJIb JMUIb Y
noBepxHoct OkeaHa. B Toxke BpeMsi CyIIECTBEHHOE BIMSHHE Ha TJIOOAJIBHYIO
quHaMuKy OKeaHa OKa3bIBalOT TIyOOKOBOJHBIE IIPOIECCHI IEpeMeIlnBaHUA,
KOTOPBIC B HACTOALICC BpEeMsA H3Y4YCHBI B Tr0opas3ao MEHBIIIEH CTCIICHH, KakK
OKCIICPUMCHTAJIBHO TaK U (byH}IaMeHTaIII)HO. CyHleCTBeHHOG BJIMAHHUEC Ha
rnobanbHyl0  auHamMuky ~OkeaHa  OKa3bplBAalOT — TJIyOOKOBOJHBIE — MPOLIECCHI
HNEpEMEIINBAHNs, KOTOpBIE B HACTOSIIEE BpeMs KaK HKCHEPUMEHTAIBHO TaK U
(yHIaMEHTAIBHO W3y4YECHBI B TOPA3/l0 MEHBILICH CTEIEHH, Y€M NPUIIOBEPXHOCTHBIC
SBJICHUS, CBS3aHHBIC C BETPOBBIM BO3JCHCTBHEM M TeruiooOMeHoM. B riryOmnax
OKeaHa BHYTPEHHHUE BOJIHBI, BO3HHUKAIOIINE M3-32 IPIIMBHBIX TEUCHUN 1 00TEKaHUS
JOHHOTO penbeda, MOTYT CWIBHO BIMSATH Ha IIPOIECCHl BEPTUKAIBHOTO
HnepeMeIIuBaHus.

Otkpeiteie B 1995 rony Jleo Maacom [1, 2] arrpakTophl BHYTPEHHHUX BOJIH
MOKA3aJIM, YTO B OIPEAEIEHHBIX T€OMETPUYECKHX KOHPHUIypanusax (KOTOpble Kak
0Ka3aJOCh MOTYT OBITh JIOCTATOYHO NPOCTBIMHU) HEPTHSI BHYTPEHHUX BOJIH MOJKET
3G GEKTUBHO aKKyMYyJIMPOBAThCS BJOJb OMNpeaeieHHbix myteid. Ilocime padbot Jleo
Maaca aTTpakTopaM BHYTPEHHHMX BOJH OBUIO MOCBSIIEHO OOJBIIOE KOJHYECTBO
HCCIIEIOBaHUH, B Pe3yNbTaTe B HACTOAIIEE BpPEeMs HMEETCS JOCTATOYHO Pa3BHUTAs
Teopus GOPMHUPOBAHHS ATTPAKTOPOB BHYTPEHHHUX BOJIH HEOOJBIIION aMILUTUTYIbI.
[TosTomMy ceiluac OCHOBHOM UHTEpeC HCCIEAOBaTeNEe BbI3BIBAET IIOBEACHHUE
aTTPaKTOPOB  BHYTPEHHHUX  BOJNH  OOJbIIONH  amrumTynael. I[lpu  3ToMm
JIMHCApU30BAHHBIC YPABHCHUS YKC HE ONUCAIOT MOBEACHUC ATTPAKTOPOB, KOTOPEIC
MOT'YT CTaHOBUTCS HeyCTOﬁ‘IHBHMH, Typ6yﬂeHTHI)IMI/I, MCHATH CBOXO CTPYKTYpPY C
TEUYCHHEM BpPEMEHH, OKa3blBaTh CYNIECTBEHHOE BIMsSHHE Ha (DOHOBYIO
CTpaTU(UKALIIO U TPOSIBIISTH APYrHe HEMHEWHbIE CBOHCTBA.

B Beicuieit HopmanibHOH 11kosie JIMOHa B nocieiHrue roAbl pa3BUBAIOTCS METOANKU
aHalu3a JaHHBIX JKCIEPHMEHTOB, CBS3aHHBIX C BHYTPEHHUMM BonHamu. OHu
MO3BOJIMIIN KaUECTBEHHO U KOJIMUECTBEHHO OMKCATh PsAJ] BAKHBIX 3aKOHOMEPHOCTEN
NpU  paclpoCTPaHEHWH BHYTPEHHHMX BOJH, OOpa3oBaHMM M  pa3pyLICHHH
aTTpaxkTopoB [3].
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Hecmotpst Ha ycriexu B 9KCIEPUMEHTAILHOM H3YYCHHH BOJIHOBBIX aTTPAKTOpax, B
METOJUKAX OIPEACICHU MNapaMeTpoB TEUCHHH M THIPOJUHAMHYECKHX ITOJICH
MMeeTCs S]] CYIECTBEHHBIX OIPaHUYCHUI. DTH OrpaHUueHUs] CHUMAIOTCS TIPSIMBIM
YHUCJIICHHBIM MoJienpoBanueM. Ho paccMmaTtpuBaemble siBICHHS 00JaJar0T OYEHb
OOJIBIIUM HWHTEPBAJIOM IPOCTPAHCTBEHHBIX MAacIITabOB M3-3a OOJBILOIO YHCIA
[panarnsa-llImuara, MOTOMYy Takue HCCIEIOBAaHMS BIUIOTH JO IOCIEIHErO
BpPEMEHHU He OBUTH BO3MOXKHBI U YUCIICHHOE MOJICINPOBaHUE OTPaHUYHBAIIOCH JIMIIb
JMHEHHBIMH PEXUMaMH, KOTOPbIE JIMIIb TOATBEPAWIIM YyXKE CYLIIECTBYIOIIYIO
Teopuro [4, 5]. Jlump HemaBHO OBUIH MPOBENEHO TPEXMEPHOE MPSIMOE YHCICHHOE
MOJICTIMPOBAHNE, IIOJIHOCTBIO COOTBETCTBYIOIIME JKCIIEPUMEHTaM, U BIIEPBBIC
THIPOJMHAMHYIECKUE TIONIS JKCIIEPUMEHTOB H PACYETOB COOTBETCTBOBAIH B
npesenax JecATH MPOLECHTOB KaK JUIs JUHEHHBIX, TaK U JUII HETMHEHHBIX PEXUMOB
[6, 7]. B Hacrosmeii paboTe MBI NPHMEHSEM CIIEKTPaIbHBIC W CTATHCTHYECKUE
METOABI aHalIn3a THUAPOJUHAMUYCCKUX Mmojieit K pe3yjibTaTaM YUCJICHHOT'O
MOJICIUPOBaHMUA K CJIA0OHETMHEWHBIM pexuMaM. B nanmpHeWIeM OHU IO3BOJIAT
uccieqoBarb  Oojiee  CIOXHBIE KOH(QUIYpalMM ¥  CHJIBHO  HEJMHEHHBIC
(TypOyneHTHBIE) PEKUMBI C TEPEMEIIBaHHEM.

2. Mamemamuyeckasi MoOenb U MpPsIMOe YUCJ/IeHHOe
MmodenupoeaHue
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Puc. 1: 2D upoekiusa pacuernoii odacriu.

Fig. 1. 2D projection of the computational domain

CxeMa OSKCHEPUMEHTAILHON YCTAaHOBKM B JIBYMEPHOM IMPOEKIMM MOKa3aHa Ha
pucyHke 1.
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B konTeitHepe TpanenenaabHON (HOPMBI HAXOAHUTCS PACTBOP COJIM C MOCTOSTHHOM

. _ | —g9 dp(2)
10 BBICOTE YacToTOM ruiaByuectn N(z) = @ dz COOTBETCTBEHHO COJICHOCTh
p(z z

pacrpeieieHa 3KCIIOHEHIIMAIBHO 0 BBICOTE, HO B YCJIOBHSAX 3KCIIEPUMEHTa OHA
MPaKTUYECKH HE OTINYAeTCA OT JIMHEHHOro pacnpeneneHus. MoxHO Moka3ark, 4T0O
YCIOBHS  DKCIHEPUMEHTAa  COOTBETCTBYIOT  MPENNOCBUIKAM  HCIIOJIb30BaHUA
npubIKeHust byccunecka naxe Jydine, 4eM TpaJUIMOHHBIE 33/1a4M KOHBEKLIUH.
[TosToMy monHyt0 cucTeMy ypaBHEHUI MOXHO 3aIicaTh B BUJIE:

o .

E+L v]‘li VE+1/A1+/ g (1)
dps i o -
p Vips = AMps, div() =0 (2)

I'panuuHble yCIOBUSL Ui CKOPOCTH Ha OOKOBBIX M HIDKHEW TIpaHHIax
COOTBETCTBYIOT YCIOBHSAM Npuinnanusa. Ha BepXHell rpaHulle CTaBUTCS yCIOBUE
OTCYTCTBUS BSI3KHMX KacaTENbHBIX HANpsDKEHHUH. [l CONEHOCTH Ha BCEX IPaHUIAX
CTaBUTCS YCJIOBHE U30JIALIMH.

JleBas rpaHuIa coBepIIaeT KOJIEOAHMs CIEAYIOMIETO BUA:

x(0,y,t) = acos(my/H) cos(wot). (3)

[IpsiMoe dmCIeHHOE MOJAEIMPOBAHUE MPOBOIIIOCH C IOMOIIBIO CIIEKTPAIBHO-
ajeMeHTHOTO MeTona [8] m xoaa nek5000.

Ha pucynke 2 mokasaHbl NpUMEpHl YCTOHYMBOrO arTpakropa (cieBa) H
HeycTOHYMBOTO (cmpaBa). JIMHAMHKA TOPU3OHTAIFHOW KOMIIOHEHTHI CKOPOCTH
MOKa3aHa Ha pUCYHKax 3, 4.

\ | :
x i
§e by

Time: 1098,

Puc. 2: Veroitanspiit n ll(‘)'("l'()ﬁ‘lllmﬂﬁ ATTPAKTOPDI. IIB(‘T().\I IMOKa3aHa ropu30oHTaJIbHad COCTaB-
JIAI01Iasd 1o0Jid CKOPpOCTH.
Fig. 2. Stability and instability attractors. The colors show the horizontal component of the
velocity field
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Puc. 3: BaBMCMMOCTb Uy OT BpEMEHM B TOYKE Ha IEePpBOM JIy4de aTTpaKTopa.
Fig. 3. Dependence v, on time at a point on the first ray of the
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Puc. 4: aBucnmocTn Uz OT BPECMECHH B TOYKE Ha TCPBOM JIVUC aTTpak a. Coiabast HeyCTOﬁ‘-IH—

BOCTH aTTpakTopa.
Fig. 4. Dependence v, on time at a point on the first ray of the attractor. Weak attractor
instability.

3. lMpumeHeHue cnekmpanbHbiXx Memodoe dJdnsonucaHue
Heycmoliyueocmu U npoyeccos nepeMmewusaHusi
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TOPM30HTATFHONW M BEPTHKAIBHONH OCAM HYaCTOTHI, IPH STOM I[BET HA IJHarpaMme
MPOTIOPIHNOHAICH POU3BEIECHIIO COOTBETCTBYIOIINX aMIUTUTY.
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Fig. 5.Time-frequency diagram and bispectrum for weakly unstable attractor

YacToTHO-BpEMEHHAs JAMarpaMma IO3BONSAET YBUAETh IOSIBICHHE BTOPHYHBIX
YacTOT Wy, Wy, @ OMCHEKTpP JOKa3bIBACT BHIIIOJIHEHHE COOTHOIICHUH Wy = W1 + Wy,
MOCKOJIBKY JOYEPHHUE YaCTOTHI JIEXKAT HA AHTHIUATOHAIM KBaJpaTa, ¢ OCHOBAaHHEM,
PaBHBIM POAUTENbCKON 4yacToTe. [IpuMeHeHne NogoOHON TEXHUKH K pe3yJsibTaTam
DNS Ttaxke HO3BOJIMT HCCIENOBaTh KacKaJbl TPUAJHBIX PE30HAHCOB IPOLECCHI
[epeMEIBaHu U IUHAMUKY CIIEKTPa Ha JJIUTEIIbHBIX BPEMEHAX.
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Abstract. Direct numerical simulation of internal gravity waves propagation and formation
of internal waves attractors in trapezoidal tank, which was filled with stably stratified salt
solution of constant buoyancy frequency. The left vertical boundary oscillates with constant
time frequency and has the form of semi-cosine of the tank height. The right wall is inclined
to the vertical and performs focusing of waves, the other two boundaries are horizontal. The
upper wall has stress free boundary conditions, on the other boundaries no-slip condition is
imposed. Navier—Stokes equations in Boussinesq approximation and diffusive transport of
salt are used as mathematical model. Direct numerical simulation is performed with the help
of spectral element approach of 8-th order and modified code nek5000. Hilbert transforms
and time-frequency diagrams were applied to the results of direct numerical simulation of
internal wave attractors. In particular, with the help of phase reconstruction we obtained wave
vectors, corresponding to time frequencies from time-frequency diagrams. To obtain phase
images Hilbert transforms with filtration over narrow intervals of frequencies were used.
Time-frequency diagrams for moderate forcing amplitudes show appearance of daughter
waves of frequencies, corresponding to triadic resonance, which is also demonstrated with the
help of bispectra: product of amplitudes on the background of cross product of frequency
intervals. The results are close to data of experiments, being carried out at ENS de Lyon.
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